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Contextual equivalence

Two phrases of a programming language are
If any occurrences of the first phrase in a

complete program can be replaced by the second phrase

without affecting the observable results of executing the

program.
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Contextual equivalence of PCF terms

Given PCF terms M, M5, PCF type 7, and a type

environment I, the relation | I' = My S Mo = T

IS defined to hold iff

e Both the typings I' = M7 : 7 and |

e For all PCF contexts C for which C
closed terms of type v, where v =
and for all values V' : ~,

'+ M5 : 7 hold.

M| and C|Ms] are
nat ory = bool,

C[Ml] U,,y V & C[MQ] U,y V.
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C[M']].
Foranytype 7, M ||V = [M] = [V].

For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

Proof.

CIMi] ),V = [C[Mi]] = [V] (soundness)

= [C|Ms]] =[V] (compositionality
on [[Ml]] — [[MQ]])

= C|Ms| |,V  (adequacy)

and symmetrically. ]
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

E ot [ped @Y= L = [LLnst’

P

= f_‘_‘_ﬁj(Co) ‘:‘-/06“)( __(L@
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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Denotational semantics of PCF

To every typing judgement I

i @56’

I'=M:T ; %M‘z(::

we associate a continuous function

II'= M| : [T — 7]

between domains. T/\ ﬂ%(&(/ﬁ ,C)P( om\ romada

A dAImeans.
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Denotational semantics of PCF types

[nat] N, (flat domain)
def :
[bool] = B (flat domain)
N o 1 2 --wn - R, -
1= /£ —— L=
1

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] 'y, (flat domain)
[T — T’]]déf [7] — [7] (function domain).

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF type environments

] © [ caomm [T'(z)]  (I-environments)

rl: [11}—-3.(4/ e ’ZAAHZK]
Wehwe [T ©=1 -, w0 Aiwdinwd | awd

AL(f\\Q TPM d?a«w & dwan .
s ?ZL] > (dv, 42, - di) . i €Y

[;:l-'-VL
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Denotational semantics of PCF type environments

] L [ caomm [T'(z)]  (I-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [I'(x)] forall x € dom(T")

7l
{ g edom (M) +— ferc [T
Dol N=(unty s wm b

(el ~~ 0 f @ €[]
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Denotational semantics of PCF type environments

] L erd()m(r) [C'(x)]  (I-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [I'(x)] forall x € dom(T")

Example: ﬁ : }[PPMtZ%
1. For the empty type environment (), . Z[P(B —) [[Z]

-

01 ={L1} ~ [p-m-
where _L denotes the unigue partial function with * [[¢] — ) n?/]

dom(L) = 0.
S [MU<[[GFM-TVYEL) ¢ [z




00000

X ({@n} = [ml)
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Denotational semantics of PCF terms, |

[rl;-o:l/j :/Xf efr). O

[T+ 0](p) & 0 € [nat]

' - true](p) L true [bool]

[[" + false](p) © false € [bool]

[Ny — Ny
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Denotational semantics of PCF terms, |

Dax ---x D —7 Do

def ’L

ol M oenat] (41— &

def

[T Ftrue](p) = true € [bool]

[I" + false|(p) © false € [bool]

[ x](p )def /:136 dom/(T

[xya, -, tak Lo L] 7T 1'174 — Way
\\Tf d‘(‘all . Jv\) H 0(4,




Denotational semantics of PCF terms, Il

[I" = suce(M)](p)

def

<

(

L [T F M](p) =

[T M](p)+1 if[CF M](p) # L

Me Mok Lrrmowet rf”ﬁ — Ny

M yuee (M) nab [+ v mart"ﬂf[r"ﬂ——ﬂ/rﬂ

I
S O%FMM]
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Denotational semantics of PCF terms, Il

I+ suce(M)](p)

’

def II'E M(p)+1 if[I' = M](

< )
1 if [T+ M|(

S
L

=

\

[I' - pred(M)](p)

def <’[[F - M](p) — 1 if [T+ M](p) >0

L if [ M](p) =0, L
(1 Fped (1) ) =4F p oo LM FMY
?;/NL*—')N_L
Lo — L

(V\eﬁd) nH "—’> N 79



Denotational semantics of PCF terms, Il

[+ suce(M)](p)

(

wt [ITFMI(p) +1 [0+ M

)
L [0 - M](p) = L

S
L

\

[I' - pred(M)](p)

dof <’[[F - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0, L

{true if [ = MJ[(p) =0

\

def

II' = zero(M)|(p) = < false it [I'F M](p) >0

LT M](p) = L
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Denotational semantics of PCF terms, lli

" = if M7 then M, else Ms|(p)

{[[T = Ma[(p) it [['F Mi](p) = true

def

("= Ms|(p) i [I'F Mi](p) = false
L [T - M, 1

S
||

def

[T F My Ma](p) = ([T F Mi](p)) (IT = Ma](p)) Jé[ﬁ"}j
)’M:Z*’)@ MZ—Z

[0 : [0 > (B> 03) vl :[m)- T2
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Denotational semantics of PCF terms, IV

IC'Ffax:7.M|(p)

© N\ e [7]. D]z — 7] F M](p|z — d)) (¢ domi(D)

NB: p|x — d| € [I'|x — 7]] is the function mapping = to d € 7]
and otherwise acting like p.
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Denotational semantics of PCF terms, V

[T+ fix(M)](p) < fiz([T F M](p))

AN E R = foeo [0 MY

Recall that fix is the function assigning least fixed points to continuous
functions.

82



Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M| :[] — [7]

is a well-defined continous function.
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