Topic 4

Scott Induction
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Scott’s Fixed Point Induction Principle

Let f : D — D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least
fixed point of f isin S, i.e. that

fix(f) e s,

it suffices to prove

Vde D (deS = f(d)es).
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called iff
forallchainsdg C di Edo T ... inD

(¥n>0.d, € S) (Ud)

n>0

If D is adomain, S C D is called iff it is a
chain-closed subset of D and 1. € S.
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called iff
forallchainsdy " di Edo T ... inD

(¥n>0.d, € S) (Ud)

n>0

If D is adomain, S C D is called iff it is a
chain-closed subset of D and 1. € S.

A property ®(d) of elements d € D is called chain-closed
(resp. admissible) iff {d € D | ®(d)} is a chain-closed
(resp. admissible) subset of .
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Building chain-closed subsets ()

Let D, E be cpos.

Basic relations:

e Forevery d € D, the subset MM ‘Cﬁ o@@

Ud) = {zeD|zCd)

D

of I is chain-closed. -
— d
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Building chain-closed subsets ()

| A
Let D, E be cpos. (10'1;}'0) < @""}") -
. A
Basic relations: 4 LoE XL € - - i~ D
£ (o I
e Forevery d € D, the subset lyoﬁ; ’D‘ E .. D)

W) S repjecar L mgUN\gm

of I is chain-closed.
£ c DxD

e The subsets

{(z,y) € Dx D |z Ly}
{(:U,y)EDXD x:y}

and

of D x D are chain-closed.
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Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vde D.f(d)Cd = fiz(f)Cd




Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vde D.f(d)Cd = fiz(f) T d

Proof by Scott induction.

Let d € D be a pre-fixed point of f. Then,

rel(d) = zCd
= f(z) E f(d)
— f(x)Cd
—  f(z) €l

S

VR

d)

Hence,

fiz(f) € Ud) .
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Inverse image: &'? %(DJ‘"‘B{ g
Let f : D — E be a continuous function. \/Xv\J"“ -~ W
If S is a chain-closed subset of E' then the inverse image %H‘i“\

( ‘l
1S ={xeD| f(zx)eS} ,’i' ¥
h
is an chain-closed subset of 1. L:“ | :
3y e
M fi)



Example (ll)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g = g o f. Then,

f(L) Eg(l) = fix(f) E fix(g) -

g—
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Example (ll)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

fL) Eg(dL) = fiz(f) E fix(g) -

Proof by Scott induction.

Consider the admissible property ®(z) = (f(z) C g(z))
of D.

Since

f(x) Egz) = g(f(z)) C g(g(z)) = f(g(x)) C g(g(x))
we have that

f(fiz(g)) C g(fix(g)) .

56



Building chain-closed subsets (lll)

Logical operations:
o If S, I" C D are chain-closed subsets of ) then
SuT and SNT
are chain-closed subsets of D).
o If {S; };cr is afamily of chain-closed subsets of D

indexed by a set I, then ()., S; is a chain-closed
subset of D).

el

e If a property P(x,y) determines a chain-closed subset of
D x E, then the property Vo € D. P(x,y) determines
a chain-closed subset of .
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Example (lll): Partial correctness

Let F : State — State be the denotation of

while X >0do (Y =X *xY; X =X —-1) .

Forallxz,y > 0,
FIX—z,Y—=yll

) — FIX—z2,Y—yl=X—0Y—uzx-y

Lgchin X st x

Y sy T (1))
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Recall that
F = fiz(f)
where f : (State — State) — (State — State) is given by

(

(x,y) if z <0

= \Mx,y) € State. <
flw) (@9) e w(r —1,x-y) ifx >0

\
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Proof by Scott induction.

We consider the admissible subset of (State — State) given by

Va,y > 0.
S=<w w|X — x,Y — yll
= wX—z,Y—yl=X—0Y vy

and show that

weS = f(w)es§.
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