Thesis™

All domains of computation are
complete partial orders with a least element.

All computable functions are
continuous.
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Cpo’s and domains

A , or cpo for short, is a poset (D, C) in
which all countable increasing chains dg = di T dy T ... have
least upper bounds, | |~ dn:

Vm >0.d,, C I_Id” (lub1)
n>0
VdeD.(Vm>0.dp Cd) = | |daTd. (ub2)
n>0
A is a cpo that possesses a least element, _L_:

Vde D. 1l Cd.
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(¢ > 0 and (x,) achain)

]

n>0 4n

Vn>0.2, Cx

I—anO rn LT

({x;) a chain)
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Vo € dom(f). f(x) = g(x)
it graph(f) C graph(g)
Lub of chain fy C fi C fo C ... is the partial function f with
dom(f) = UnZO dom(fy) and

(fn(x) if v € dom(f,,), somen

fz) =

\ undefined otherwise

Least element _| is the totally undefined partial function.
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Some properties of lubs of chains

Let D be a cpo.
1. Forde D,| | d=d

2. Foreverychaindg T di C...Cd, C...inD,
udn — leN—l—n
mn mn

forall N € N.
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3. Forevery pairofchainsdg C d; C ... C d,

eolerC...Ce, C...inD,
if d,, C e, foralln € N then

LI q

n

. Q- \ G

d

n

L
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3. Forevery pairofchainsdg T diy C ... Cd, C ...

eolerC...Ce, C...inD,
if d,, C e, foralln € N then

n

d

n

L

and

({x,,) and (y,) chains)



Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d,, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dp (7)
Then
| |dow © | |din & | |dom T ...
n>0 n>0 n>0
and

LI dm,O L LI dm,l L LI dm,S L ...

m>0 m>0 m>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d,, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dp (7)
Then
| | dow T | |din & | |d2n £ ...
n>0 n>0 n>0
and
| | dmo ©T | | dma & | | dms T ...
m=>0 m=>0 m=>0
Moreover

L { L dmn ) = [ dir =[] | L] dma

m>0 \n>0 k>0 n>0 \m=>0
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Continuity and strictness

e If D and E are cpo’s, the function f

Aded ;wf@é 7@@’/)

2. it preserves lubs of chains, i.e. for all chains
do C dy C ... inD,itis the case that

1. it is monotone, and

|s contmuous |ff

dy) ‘in E. j[({:‘m})

f( dn): f(
‘C/.«’-‘, n
gov

L
A | )j\ N 'l\
> €/M@),

o) ,
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