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L7

IPL entailment @ ¢

Recall the rules:
D + D + D, I
(AX) ¢ (WK) Y ory (cuT)
D, 0 F g D, + ¢ ry
D + D + D, 0
(TRUE) . v (&1) vy (=1)
® I true OLro&y Orop=>y
Oro&y Oro&y Oro=>y OFro
(&E1) (&E2) (=E)
OF OFy OFy
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Proof theory

Two IPL proofsof o, = 4,y =0 + ¢ = 0

where ® = o, 0 = ¢, = 0

(AX)

Y.yry

(=E)

Yo
=Y, =>0r¢p=>0

(=)

where ¥ = 0,0 =, =0, ¢
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L7

Proof theory

Two IPL proofsof o, = 4,y =0 + ¢ = 0

= ()
— (AX) D, qp=>Y Q,oFq ;.
D, pFyY=>0 (WK) D0F Y (=E)
O, 0 (=€)
Oro=>0 = where @ 2 0,0 = ¢,y = 0
—— (AX) ——— (AX)
b F.9.0.=>29\2/ KQWK) Tre ™ g U FW iw @K)(WK) SRS a (AX)
Yry = Y.yr0 (cuT) e
YO (=>1)

=Y, =>0r¢p=>0
where ¥ = 0,0 =, =0, ¢

Why is the first proof simpler than the second one?
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Proof theory

OF g OF @ Q0+
<I>,qol—<p(AX) CI),IﬁI—(p(WK) >y (cuT)
(TRUE) Pre CDH’&(&I) Pory (=1)
d I true Oro&y Orop=>Y
Oro&y Oro&y Pro=>y¢y Qre¢
St o (&Eq) >ty (&E>) oty (=E)

FACT: if an IPL sequent ® + ¢ is provable from the rules, it is

provable without using the (cuT) rule.
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Proof theory

OF g OF @ Q0+
CI>,(p|—<p(AX) CID,lﬁl—fp(WK) >y (cuT)
(TRUE) dre Cbl—gb(&l) Doty (=1)
® I true Orop&y Orop=>Y
Oro&y Oro&y Pro=>y¢y Qre¢
St o (&Eq) >ty (&E2) oty (=E)

FACT: if an IPL sequent ® + ¢ is provable from the rules, it is
provable without using the (cuT) rule.

Simply-Typed Lambda Calculus provides a language for describing
proofs in IPL and their properties...



L7

Proof theory

Two IPL proofsof o, =,y =0+ ¢ =0

— (%
— ), D=y 0 Targ
S, oryy=>0 (Wi b, oF Y (>8) (=€)
Qo0
Orp=>0 =) where ® = o, 0 = ¢, = 0
SAX) {,Ax)
—— (WK ——— (WK)
Vo= QWK) ¥ EZ(Z) T¢F¢=>H(WK) WEZ:E))
Yry Y.yro (cuT)
YO (=1)
> Y=>0F@=>0 ey > 0
where ¥ £ 0,0 => 1Y,y =0,¢

btwsrigvsolday. (o gyl -y

::>@
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Proof theory

Two IPL proofsof o, =,y =0+ ¢ =0

—— (AX) d ¢:=>“1:0K)(WK) D,0F @ ()
— S, oryy=>0 (Wi b, oF Y (=) (>E)
Qo0
Orp=>0 =) where ® = o, 0 = ¢, = 0
SAX) {,Ax)
—— (WK ——— (WK)
o=y QWK) Y Ei:z) Y.y ry=>0 (WK) Y, ¢y E::Z)
Yry Y.yro (cuT)
YO (=1)
> Y=>0F@=>0 ey > 0
where ¥ =0, 0= ¢, =0, ¢

btwarigvsolday. (M gyl -y
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Simply-Typed Lambda Calculus (STLC)

Types: A,B,C, ... ==
G,G,G"” ... “ground” types
unit unit type
AXB product type

A— B function type
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L7

Simply-Typed Lambda Calculus (STLC)

Types: A,B,C,... ==
G G,G"...

unit
AXB
A — B

Terms: s, t,r,...:

CA

X

0

(s, 1)
fstt
Ax At

St

snd t

“ground” types
unit type
product type
function type

constants (of given type A)
variable (countably many)
unit value

pair

projections

function abstraction
function application
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L7

STLC

Some examples of terms:

» Jz: (A->B)X(A—-0).Ax: A . ((fstz)x, (sndz) x))
(has type ((A— B) X (A—=C)) - (A— (Bx()))

» Az:A— (BXC).(Ax: A. fst(zx),Ay: A. snd(zy))
(has type (A — (BXxC)) = ((A - B) X (A~ ()))

» Jz:A—- (BXC).Ax: A. ((fstz) x, (snd z) x)
(has no type)
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L7

STLC typing relation,I' -t : A
I' ranges over typing environments
[=0|T,x: A

(so typing environments are comma-separated snoc-lists of (variable,type)-pairs

— in fact only the lists whose variables are mutually distinct get used)

The typing relation I' - ¢t : A is inductively defined by the
following rules, which make use of the following
notation

I' ok| means: no variable occurs more than once in T

domI' | = finite set of variables occurring in I’
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STLC typing relation,I' -t : A

Typing rules for variables

I’ ok x € domI

(VAR)
ILx:AkFx:A
F'Fx:A x' ¢ domT
p p (VAR’)
ILx" :AFx:A

Typing rules for constants and unit value

I' ok
(CONS)
Trcd: A
I' ok
(UNIT)

't ():unit
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STLC typing relation,I' -t : A

Typing rules for pairs and projections

'Fs: A I'Ft:B
' (s,t):AXB

(PAIR)

I'Ft:AXB
I'Ffstt: A

(FST)

I'Ft:AXB
I'-sndt: B

(SND)
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STLC typing relation,I' -t : A

Typing rules for function abstraction & application

ILx:Art:B
'rAx:A.t:A— B

(FUN)

I'Fs:A— B 'kt A
I'Fst:B

(APP)
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STLC typing relation,I' -t : A

Example typing derivation:

S fASBrfiASB VAR

Trf:A—B (vAR')
Trg Boc M) ToarfiasB M) TArxa W)
Fx:Arg:B—C AR T,x:Af fx:B (APP)

ILx:Arg(fx):C (APP)

F'F-Ax:A.g(fx):A-C
Of:A-BrAg:B—-C.Ax:A.g(fx): (B—-C) - (A—-C) (FUN)
OFAf:A—-B.Ag:B—-C.Ax:A.g(fx):(A—-B)—- (B—-C) - (A-C)

(FUN)

(FUN)

where' 2o, f:A—- B,g: B—C

N.B. the STLC typing rules are “syntax-directed”, by the structure of terms t and
then in the case of variables x, by the structure of typing environments I.
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Semantics of STLC types in a ccc

Given a cartesian closed category C,
any function M mapping ground types G to objects M(G) € C

extends to function A — M[A] € Cand T — M|T'| € C from STLC
types and typing environments to C-objects, by recursion on the
structure of A:

M[G] = M(G)
M[unit] =1 terminal object in C
M|A x B| = M|A]| x M|B]] productinC
M|A — B = M||A] — M|B] exponential in C

Mo =1 terminal object in C
M|T, x : A] = M[T']| x M[A] product in C

L7

76



