
Replacement axiom

The direct image of every definable functional property

on a set is a set.
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Set-indexed constructions

For every mapping associating a set Ai to each element of a set I,

we have the set

�

i∈I Ai =
�

�
Ai | i ∈ I

	
=

�
a | ∃ i ∈ I. a ∈ Ai

	
.

Examples:

1. Indexed disjoint unions:
�

i∈I Ai =
�

i∈I {i}×Ai

2. Finite sequences on a set A:

A∗ =
�

n∈NA
n
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3. Finite partial functions from a set A to a set B:

(A⇀⇀fin B) =
�

S∈Pfin(A) (S ⇒ B)

where

Pfin(A) =
�
S ⊆ A | S is finite

	

4. Non-empty indexed intersections: for I 6= ∅,
�

i∈I Ai =
�
x ∈ �

i∈I Ai | ∀ i ∈ I. x ∈ Ai

	

5. Indexed products:
Q

i∈I Ai =



α ∈
�

I ⇒
�

i∈I Ai

�

∀ i ∈ I.α(i) ∈ Ai

�

— 415 —



Proposition 153 An enumerable indexed disjoint union of

enumerable sets is enumerable.

PROOF:

Corollary 155 If X and A are countable sets then so are A∗,

Pfin(A), and (X⇀⇀finA).
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