
Bijections

Proposition 138 For a function f : A → B, the following are

equivalent.

1. f is bijective.

2. ∀b ∈ B.∃!a ∈ A. f(a) = b.

3.
�

∀b ∈ B.∃a ∈ A. f(a) = b
�

∧
�

∀a1, a2 ∈ A. f(a1) = f(a2) =⇒ a1 = a2

�
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Surjections

Definition 139 A function f : A → B is said to be surjective, or a

surjection, and indicated f : A ։ B whenever

∀b ∈ B.∃a ∈ A. f(a) = b .
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Theorem 140 The identity function is a surjection, and the

composition of surjections yields a surjection.

The set of surjections from A to B is denoted

Sur(A,B)

and we thus have

Bij(A,B) ⊆ Sur(A,B) ⊆ Fun(A,B) ⊆ PFun(A,B) ⊆ Rel(A,B) .
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Enumerability

Definition 142

1. A set A is said to be enumerable whenever there exists a

surjection N ։ A, referred to as an enumeration.

2. A countable set is one that is either empty or enumerable.
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Examples:

1. A bijective enumeration of Z.

· · · −3 −2 −1 0 1 2 3 · · ·
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2. A bijective enumeration of N× N.

0 1 2 3 4 5 · · ·
0

1

2

3

4
...
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Proposition 143 Every non-empty subset of an enumerable set is

enumerable.

PROOF:
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Countability

Proposition 144

1. N, Z, Q are countable sets.

2. The product and disjoint union of countable sets is countable.

3. Every finite set is countable.

4. Every subset of a countable set is countable.
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