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13 + 8
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Extended Euclid’s Algorithm

Example 67

34 = 2. 13 + 8 8§ =
— 13 =1 8 + 5 5 =
— 8§ = 1. 5 4+ 3 3 =
— 5 =1 3 + 2 2 =
— 3 =1 2 4+ 1 1 =
= 2 =2 1 + 0
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gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

34
13
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gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

34
13

13
—1-34+3-13
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gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

34 2.
13 1.
13 1.
—1-34+3-13
st
(34—-2-13) -1
2.34 4 (=5)-13
5 1
3 1
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gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

34
13
13
—1-34+3-13
8
(34 —-2-13)
2.34 4 (=5)-13

5
1341313
—3.34+8-13
3
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34 —-2-13)
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@ ;éca(@“r,ls) ¢ am erg&r Lweer combinslion gf I omd 13 .

ocd(34,13) || 8 = 34 ~2. 13

= gcd(13,8) || 5= 13 —1- 3
= 13 —1. (34-2.13)
= —1-34+3-13

= gcd(8,5) 3 = 8 —1 d
— B4—-213 1. (91-34+3.13)
— 2.34+4(=5)-13

= ocd(5,3) |2= 5 —1. 3
- T 3+1313 1. 2341(5-13)
= —3-34+8-13

= ged(3,2) |[1= D) —1- 2
= (2-344(=5)-13) —1- (=3-34+8-13))
= 5.34+4 (—13)-13
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Linear combinations

Definition 68 An integer r is said to be a linear combination of a
pair of integers m and n whenever

there exist a pair of integers s and t, referred to as the
coefficients of the linear combination, such that

(poT PRoDuUCT)  [st]-[T]=r;

n
that is

s-m+t-n=r1.
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Theorem 69 For all positive integers m andn,
1. gcd(m,n) is a linear combination of m and n, and

2. apairlc;(m,n), le,(m,n) of integer coefficients for it,
I.e. such that

m

} = ged(myn)
n

[ lc1(m,n) ICZ(m> TL) } . {

can be efficiently computed.
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Proposition 70 For all integers m andn,

4 O 1
) [N =m A eg] [ =

n
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Proposition 70 For all integers m andn,

1 © O 1
L) [ = m oA D) [ ] =
2. for all integers si, t1, 1y and s,, t,, 12,

s t]]-{:’}:m N\ [Sztz]‘[:}:m
sin;priieskf&
[//{]{ }—T]—I—TZ,'
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Proposition 70 For all integers m andn,

1 0
L] [ = m oA L] [T ] =

2. for all integers si, t1, 1y and s,, t,, 12,
[S]t]]°|:1:i|:1”]/\ [SZtZ]'{:}:TZ
implies
s+ Uy

[%%]{1:} =T +712

3. for all integers k and s, t, r,

kS Kt

[st][:} = r implies [,?; ?2}.{“1} S

n
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gcd

fun gcd(m , n )

= let
fun gcditer(@,{n) ) rl) , C as «%,b)) r2>)
= let
val (q,r) = divalg(rl,r2) (k r = rl1-g*r2 *)
in
if r =0
then c
else gcditer( c , G -9% -(;i- 1,7_ r))
end o ' <Z; ?' / % ’>) '>
in
gediter( C@,o)}m> , @,1))n) )
end

— 222 —



NB For posibire mbegers mand ny eged (mny ouf triples
— ((frl:),q wi Th SW\+‘17‘V(—:.(‘:%¢0L(M,A). PUI‘S

fun egcd( m , n )

= let
fun egcditer( ((s1,t1),rl) , 1lc as ((s2,t2),r2) )
= let
val (q,r) = divalg(rl,r2) (x T = rl-g*r2 *)
1in
if r =0
then lc
else egcditer( 1lc , ((sl-g*s2,tl-g*t2),r) )
end
1n
egcditer( ((1,0),m) , ((0,1),n) )
end
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N__E-‘ l‘_g(vw, m) M+ ’K_czcm"/“> N = 920( (M")

fun gcd(m , n ) = #2( egcd( m , n ) )

fun 1ci(m , n ) = #1( #1( egcd( m , n ) ) )

fun 1c2( m , n )

#2( #1( egcd(m , n ) ) )
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Multiplicative inverses in modular arithmetic

Corollary 74 For all positive integers m andn,
1. n-le;(myn) = ged(m,n) (mod m), and

2. whenever gcd(m,n) =1,

lc;(m,m)| s the multiplicative inverse of [n]y, in Z, .
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