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The division theorem and algorithm

Theorem 43 (Division Theorem) For every natural number m and
positive natural number n, there exists a unique pair of integers q
andr suchthatq > 0,0 <r<n,andm=q-n+r.
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The division theorem and algorithm

Theorem 43 (Division Theorem) For every natural number m and
positive natural number n, there exists a unique pair of integers q
andr suchthatq > 0,0 <r<n,andm=q-n+r.

Definition 44 The natural numbers q and r associated to a given
pair of a natural number m and a positive integer n determined by
the Division Theorem are respectively denoted quo(m,n) and
rem(m,n).

— 155-a —



PROOF OF Theorem 43: -4, ni DLl
. M ?4 |
UL gueness ;£

' 'ﬁ& Vi=1, .
“Thace e, by & eI propenfity A2
MW} {:BL: datt M/bﬁm&‘um% %ﬁz_

— 157 —



Givem & V\ahu/aL mmber m and A
'}409:‘}\'\/6 Emz_agef nw W vemeaind To

ghows Thal There are. patwiel numberg
‘/f"_f_OCV"\/VLB wmd  rem(mun) The |7 er

ebow ., 3wk thet

M = %A__@(MA,VL) e+ T ()

DWNiSion  ALGoiTHM






The Division Algorithm in ML.:

fun divalg( m , n )
= let
fun diviter( q , r )
= if r < n then (q, r )
else diviter( gq+1 , r-n )
in
diviter( O , m )

end

fun quo( m , n ) = #1( divalg(m , n ) )

fun rem( m , n ) #2( divalg( m , n ) )
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Theorem 45 For every natural number m and positive natural
number n, the evaluation of divalg(m,n) terminates, outputing a
pair of natural numbers (qo, 1) such thatro < nandm = qo-n+ry.

PROOF:
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Proposition 46 Let m be a positive integer. For all natural
numbers k and 1,

k=1 (mod m) < rem(k,m) =rem(l,m) .
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Corollary 47 Let m be a positive integer.

1. For every natural number n,

n =rem(n,m) (mod m)

PROOF:
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Corollary 47 Let m be a positive integer.

1. For every natural number n,

n =rem(n,m) (modm) .

2. For every integer k there exists a unique integer [kl., such that

0<[klp,<m and k= kl,, (modm)
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