Topic 5

PCF



PCF syntax

Types

T = nat | bool | T =T

—

62



PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

0 | succ(M) | pred(M)
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PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

0 | succ(M) | pred(M)

true | false | zero(M)
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PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

2= 0 | succ(M) | pred(M)

| true | false | zero(M)
| x| if M then M else M
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PCF syntax

Types
T :=nat | bool | T — T

Expressions
M == 0 | succ(M) | pred(M)
true | false | zero(M)

x | if M then M else M
ftnx:7.M | MM | fix(M)

where € V, an infinite set of variables.
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PCF syntax

T :=nat | bool | T — T

M == 0 | succ(M) | pred(M)
true | false | zero(M)
x | if M then M else M
fnx:7.M | MM | fix(M)

where € V, an infinite set of

Technicality: We identify expressions up to «x-conversion of
bound variables (created by the fn expression-former): by
definition a PCF IS an «-equivalence class of expressions.
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PCF typing relation, ' = M : 7

e ['is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(I) rem
e )M isaterm o EZJLHC:/ZZHZL;"'}Z”"M-C"‘]
TR pacfd funchon wilh dgusin,
Notation: f%q,i’-z}--'/l"’l-} T/Zxc\)(_ W&V’J YA E‘ o
M : 7 means M is closed and () = M : 7 holds. L(J:[r—— “B

PCF, ¥ {M | M : 7).
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The TYPING RELAToN

M.



PCF typing relation (sample rules)

Ll 7] =M : 1
(ttn) if v ¢ dom(I")
F'Ffaz:7.M:7—71'

N [uP G, -, P W]

NTam ] =(uP T, -y WP ZHTT
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PCF typing relation (sample rules)

(*fn)

Cle—7]FM:71’

I'Ffnz:7.M:7— 71 & dom(T)

'-My:7—=7 T'FMy:71
Fl_MlMQIT/

(:app)
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PCF typing relation (sample rules)

Clx—7|FM:7
(tfn) itz & dom(T")
Ctfnx:7. M:7— 17

FI—MliT%T/ FI—MQ:T
Fl_MlMQIT/

(:app)

I'=M:7—T1

(ax) I'Ffix(M): 7
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Partial recursive functions in PCF

e Primitive recursion.

h(z,0) = f(z)
| h(zy+1) =gz, y, h(z, )
A term H wwvtmﬂg %% J/Mf}hm he will
have curried ta M—»ﬁ@)‘"'—%hﬁ*.
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Partial recursive functions in PCF

e Primitive recursion.




Grivem Finsbarmed awd & nets nsto ok anat
o W?’ a%rtiaﬂ:ﬁrs' e functions in PCF

e Primitive recursion.

| h(,0) = f(x)
| h(zy+1) =g(z,y, h(z,y))




Partial recursive functions in PCF

e Primitive recursion.

(CIL‘, O) — f(ZIZ)
)

h
<
h(z,y+1) =g(z,y, h(z,y))

\

e Minimisation.

m(x) = theleasty > 0 such that k(x,y) = 0

(21 1V a Turm K:Vl__qt "’VM’ﬁMWWV%
it fwn ot )Q,/M»\@m‘ﬁ’ﬂﬁfm M. ndk>n b

,@h&&vu,vvg T %VLVL("/{WO’M L,

65



Cewrndue Ty ‘m? w({wwa/{ XTI RN
. _ ~

e N0 I%’h\ff mﬂ’s \f?/ul%
j%i[\u L'COV“? O‘. b’
T ?cgﬁ WCKZ?)
Un ).
o T x (s )




PCF evaluation relation

takes the form

M.V

T

where
e 7 is aPCF type
o VM,V € PCF. are closed PCF terms of type 7
o Visa ,

V =0 |succ(V) | true| false | fnx: 7. M.
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PCF evaluation (sample rules)

(Uval) |4 U’T 4

(V' a value of type T)
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PCF evaluation (sample rules)

(Ucbn)

(Uva1) V-V (V avalue of type 7)

MlUT_w fnilj‘:T.M{ M{[MQ/CC] UT/V

My Mo § V
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PCF evaluation (sample rules)

(Uva1) V-V (V avalue of type 7)

(l} ) MlUT_w fnilj‘:T.M{ M{[MQ/CC] UT/V
cbn

My Mo § V

M{fix(M)), V

(uﬁx) ﬁX(M) UT v

67



M euce (V)

peed (1) &V

rfﬁég) Mam —F




Contextual equivalence

Two phrases of a programming language are
If any occurrences of the first phrase in a

complete program can be replaced by the second phrase

without affecting the observable results of executing the

program.
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“THE IDEA OF (oNIBXTWM. ECQUIVALENCE

M= My

V‘U«VW%M? . e mnmw? .

1S Com fm[bhone Lba thda siﬂl’t%wus: b)dLLe,



NR: A comtect € o o term with & hole =7

Contextual equivalence of PCF terms

Given PCF terms M, Mo, PCF type 7, and a type

environment I, the relation | I' = My S Mo = T
is defined to hold iff

e Boththe typingsI' = M7 : 7and I' = M5 : 7 hold.

e For all PCF contexts C for which C|M1] and C|M5)] are
closed terms of type ~y, where v = nat ory = bool,
and for all values V' : +,

CIMiJ I,V < ClM] |, V.

NB: B[M] is The Term obtdined. /43 73.6(0? (svf‘
LM’thf‘L’twg} The hale 91, C wilh M
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PCF denotational semantics — aims
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PCF denotational semantics — aims

e PCFtypes 7 — domains [T].

: — )
{ﬂgr@wmm‘k’ A meun_

en Vv 1T on
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PCF denotational semantics — aims

e PCFtypes 7 +> domains |T].

e Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

f; FAT Y 0 — [

V\h U US

Qﬁuucﬁ\ VL
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PCF denotational semantics — aims

e PCFtypes 7 +> domains |T].

e Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

In particular: [M] = [M'] = [C[M]] = [C[M']].
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C|M]].

Foranytype 7, M ||V = [M] = [V].
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C[M']].
Foranytype 7, M ||V = [M] = [V].

For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

L 26m
Wrwu@ 52 net ]

=
Wg@)gw $Lpat M
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Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx M2 - T.

For G[-] of sl Type ont 2 vlue V
el v = [emll=1vy
= &M Y=1VY
— cMJYdV




Theorem. For all types T and closed terms My, My € PCFE',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

Proof.

CIMi] ),V = [C[Mi]] = [V] (soundness)

= [C|Ms]] =[V] (compositionality
on [[Ml]] — [[MQ]])

= C|Ms| |,V  (adequacy)

and symmetrically. ]
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Proof principle

To prove
M1 gctx M2 . T

it suffices to establish

[M;] = [Mz] in [7]

[Ml }}: [Mlll -
M4 ;0}% /V\L
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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