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L14

Dependent Types

A brief look at some category theory for modelling type
theories with dependent types.

Will restrict attention to the case of Set, rather than in
full generality.

Further reading:

M. Hofmann, Syntax and Semantics of Dependent Types. In: A.M. Pitts and
P. Dybjer (eds), Semantics and Logics of Computation (CUP, 1997).
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Simple types
O,x1: Ty, eee, Xy Ty t(xq, .00, x,): T
Dependent types
O,x1: Ty, e, xy Ty t(xy, e, x0) e T(xq, .00, x,)

and more generally

&, X108 Tl, Xy < Tz(xl), X3 . T3(.X'1,X2), A

t(x1,x2,x3,...) : T(x1,x2,x3,...)
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If type expressions denote sets, then
a type T(x) dependent upon x : I
should denote
an indexed family of sets (Ei | i € I)

i.e. E: I — Set is a set-valued function on a set 1I.
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L14

For each I € Set. let |Set!

>

>

>

>

be the category with

obj(Set') = (obj Set)!, so objects are I-indexed
families of sets, X = (X; | i € I)

morphisms f : X — Y in Set’ are I-indexed

families of functions

f = (fz = Set(X,-,Yi) ‘ 1€ I)
composition: (go f) = (giof; |i € I)

(i.e. use composition of functions in Set at each index i € I)
- TGN LD (s ;
identity: idx = (idx, |i € I)

(i.e. use identity functions in Set at each index i € I)
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L14

For each p: I — ] in Set, let
the functor defined by:

(Y )
pr| hlier|2

SRR

i.e. p* takes J-indexed families of sets/functions to I-indexed ones by

precomposing with p

p* : Set/ — Set!

/Ypi
lfpi

%

be
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L14

Dependent products

of families of sets

For 1,7 € Set, consider the functor
7Ty Set! — Set!™/ induced by precomposition with

the first projection function 7ty : I X | — 1.

Theorem. 7t} has a left adjoint T : Set’*) — Set’. J

Proof. We apply the Theorem from Lecture 13: for each E € Set! >/ we define
L E € Set! and g : E — 7t} (ZE) in Set’™/ with the required universal
property. ..
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Rocn :

L13

G : C < D has a left adjoint iff for all X &€ C there are
FX € D and 7x € C(X, G(F X)) with the universal

property:

foralY € Dand f € C(X,GY)
there is a unique f € D(F X, Y)
satisfying G fonyx = f

152



Theorem. 7t has a left adjoint T : Set’*) — Set’. J

For each E € Set! %/, define Z E € Set! to be the function mapping each
1 € I to the set

(ZE)i =Y Eujy={G.e)|j €] N e€Eyj}

L14 161



Theorem. 7t has a left adjoint T : Set’*) — Set’. J

For each E € Set! %/, define Z E € Set! to be the function mapping each
1 € I to the set

(ZE)i =Y Eujy={G.e)|j €] N e€Eyj}

and define g : E — 7tf (X E) in Set!*/J to be the function mapping each
(i,j) € I X ] to the function (7E)(ij) : E¢;jy — (EE); given by e — (j, e) |

Universal property—
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Theorem. 7t has a left adjoint T : Set’*) — Set’. J

For each E € Set! %/, define Z E € Set! to be the function mapping each
1 € I to the set

(ZE)i =Y Eujy={G.e)|j €] N e€Eyj}

and define g : E — 7tf (X E) in Set!*/J to be the function mapping each
(i,j) € I X ] to the function (7E)(ij) : E¢;jy — (EE); given by e — (j, e) |

Universal property—existence part: given any X € Set! and f: E — 7} (X)

in Set’*J, we have E ™ . mr(ZE) T E
| |
_ | _
| %
\ \Vn'l (f) ‘l/f
7 (X) X

where foralli € I, j € J and e € E(; ;) fi(G,e) = fii(e)
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Theorem. 7 has a left adjoint = : Set'*) — Set’.

For each E € Set! >/, define ZE € Set! to be the function mapping each
1 € I to the set

(ZE)i=YicjEujy ={G.e) €T N e€E;j}

and define g : E — 7t (X E) in Set!*J to be the function mapping each

(i,7) € I X ] to the function (yE) (i) : E(ij) — (X E); given by e — (j, e) |

Universal property—uniqueness part: given g: X E — X in Set! making

E s f(EE) commute in Set!*/,
|
771 (8)
f v
71 (X)

then for alli € I, and (j,e) € (X E); we have

fiGre) = fij(e) = (migone)uye = (718) iy ((ME) iy €) = 8i(j, e)

sog=f. U1
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Dependent functions

of families of sets

We have seen that the left adjoint to ;" : Set! — Set!*/ is given by
dependent products of sets.

Dually, dependent function sets give:

Theorem. 77 has a right adjoint II : Set!*) — Set!. J

Proof. We apply the Theorem from Lecture 13: for each E € Set! %/ we define

IIE € Set! and g : 7t (ITE) — E in Set!™/ with the required universal
property. . .
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Recall :

L13

Theorem. A functor F : C — D has a right adjoint iff
for all D-objects Y € D, there is a C-object GY € C
and a C-morphism &y : F(GY) — Y with the following
“universal property":

forall X € Cand g € D(FX,Y)
(UP) |there is a unique g € C(X,GY)
satisfying ey o F(g) = &

Y GY F(GY) X —~Y

A . A
A / 3! gl with Pg: /

|
FX X FX
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Theorem. 7T has a right adjoint IT : Set' ™/ — Set'. J

For each E € Set! %/, define ITE € Set! to be the function mapping each
1 € I to the set

(I1IE); = [TiejEqjy = {f € (RE); | f is single-value and total }

where f C (X E); is
single-valued if Vj € J,Ve,e’ € E¢;j), (j,e) E fA(j,e) Ef=e=¢
total if \V/] e, de € E(L]) (j,e) - f

Thus each f € (I E); is a dependently typed function mapping elements j € |
to elements of E; ;) (result set depends on the argument j).
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Theorem. 77 has a right adjoint I1 : Set’*) — Set!. J

For each E € Set! %/, define ITE € Set! to be the function mapping each
1 € I to the set

(I1IE); = [TiejEqjy = {f € (RE); | f is single-value and total }

and define e : 7t} (ITE) — E in Set! >/ to be the function mapping each
(i,j) € I X J to the function (eg) ;) : (ILE); — E(;j) given by | f +— fj|=
unique e € E(; jy such that (j,e) € f.

Universal property-
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Theorem. 77 has a right adjoint I1 : Set’*) — Set!. J

For each E € Set! %/, define ITE € Set! to be the function mapping each
1 € I to the set

(I1IE); = [TiejEqjy = {f € (RE); | f is single-value and total }

and define e : 7t} (ITE) — E in Set! >/ to be the function mapping each
(i,j) € I X J to the function (eg) ;) : (ILE); — E(;j) given by | f +— fj|=
unique e € E(; jy such that (j,e) € f.

Universal property—existence part: given any X € Set! and f: (X)) — E

in Set!*/ we have I1E 7 (ILE) — = E
A A
f! i (f) |
| Y f
X 7y (X)

where foralli € I and x € X; | f;x = {G fapyx) €T}
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Theorem. 77 has a right adjoint I1 : Set’*) — Set!. J

For each E € Set! %/, define ITE € Set! to be the function mapping each
1 € I to the set

(IIE); = [TicjEqjy = {f € (RZE); | f is single-value and total }

and define eg : 7t} (ITE) — E in Set!*J to be the function mapping each
(i,j) € I X ] to the function (eg) ;) : (ILE); — E(; ;) given by | f +— fj|=
unique e € E; jy such that (j,e) € f.

Universal property—uniqueness part: given g : X — IIE in Set! making

0¥ (ILE) —— E commute in Set! >/,
ﬂf(g)T ;
77 (X)

then foralli € I, j € | and x € X; we have
fixji= fipx=(eeomig)jx = () (ij)(gix) = &ixj

sog=f. U
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Exomple : St T~ G| T
WE/T & o shice &W[ééﬁf\%%ﬂé]
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Exomple : St T > G| T
fanchor F - Sek™ —> Sot/ T

N 6‘9'\@}1‘ : F(X) £ r{(\'ﬂ)liﬁ‘lkléﬁ\l\
&
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EXNMPLL Cut T ~ S%}I
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Exomple : St T > G| T
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