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What is structured prediction?

• It’s just multi-class classification!

• Definition: Structured
• Something in the problem is exponentially large

• Definition: Structured Prediction:
• The output space of the prediction problem is exponentially large



Recall Logistic Regression

• Goal: to construct a probability distribution

• The major question:  What if |Y| is really, really big?
• Can we find an efficient algorithm for computing that sum?

p(y | x) = exp{score(y, x)}P
y02Y exp{score(y0, x)}

<latexit sha1_base64="hNljSnMJNJYiU+LQK4eaDv9/dww="></latexit>

We will define 
this later



Structured Prediction in a Meme

Sentiment Analysis:
Is sentiment positive or negative?

Movie Genre Prediction:
Which genre is this script?

Part-of-Speech Tagging:
This sentence has which
part-of-speech-tag sequence? 

|Y| = 2
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|Y| = n
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|Y| = 2n
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Predict Trees!

• Predict dependency parses from raw text
• Classic problem in NLP



Predict Subsets!

• Determinantal Point Processes
• A distribution over subsets



Why isn’t Structured Prediction just Statistics?

• Computer scientists develop combinatorial algorithms professionally
• Minimum spanning tree, shortest path problems, maximum flow, LP 

relaxations

• Structured prediction is the intersection of algorithms and high-
dimensional statistics

Statistics
(Theoretical) 

Computer 
Science



Deep Dive into Discriminative Tagging

• Assign each word in a sentence a coarse-grained grammatical category
• Noun, Verb, Adjective, Adverb, Determiner, etc…

• Arguably, the simplest structured prediction problem in NLP



Back in 2001…



What is a score function for tagging?

• Arbitrary function that takes a word sequence and a tag as input and 
tell you how good they are together 

score (w, t) = “goodness” (w, t)
<latexit sha1_base64="9KvgiK/zzWN+qKGLCTC8oO5S57g="></latexit>

p(t | w) / exp{score(w, t)}
<latexit sha1_base64="1OPPlgyggso5++F1juU8nAq34DA="></latexit>



You score function can be any function!

score (w, t) = ✓ · f(w, t)
<latexit sha1_base64="jU6959q+ooSYD68OzEntITv/8EU="></latexit>

score (w, t) = Neural-Network(w, t)
<latexit sha1_base64="AFd/hOApGgbQmNSrOhsHbpkCWNY="></latexit>

Linear Function 
(dot product of a weight vector 

and a feature function)

Non-linear Function
(neural network)
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How do we normalize?

• Why is this hard?
• There are an exponential number of summands

• T is the set of tags (typically about 12) 
•
• Naïve algorithm runs in 
• The normalizer is terms the partition function (Zustandssumme) 

|T n| = |T |n
<latexit sha1_base64="iUmWof06X3MD0EAZxpNQlCf89Pk=">AAACCnicbVDLSgMxFL3js9ZX1aWbaBFclakVHwuh4MZlhb6knZZMmrahmcyQZIQy7dqNv+LGhSJu/QJ3/o2ZdpBqPRA4nHMuufe4AWdK2/aXtbC4tLyymlpLr29sbm1ndnaryg8loRXic1/WXawoZ4JWNNOc1gNJsedyWnMH17Ffu6dSMV+U9TCgjod7gnUZwdpI7czBqOlh3SeYR+VxS4zQFZpVRi2Tydo5ewI0T/IJyUKCUjvz2ez4JPSo0IRjpRp5O9BOhKVmhNNxuhkqGmAywD3aMFRgjyonmpwyRkdG6aCuL80TGk3U2YkIe0oNPdck4y3VXy8W//Maoe5eOBETQaipINOPuiFH2kdxL6jDJCWaDw3BRDKzKyJ9LDHRpr30pITLGGc/J8+T6kkuX8gVbk+zxbukjhTswyEcQx7OoQg3UIIKEHiAJ3iBV+vRerberPdpdMFKZvbgF6yPb/1mm0w=</latexit>

O (|T |
n)
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p (t | w) =
exp{score(t,w)}P

t02T n exp{score(t0,w)}
O (|T |

n)
<latexit sha1_base64="4bvyp11Do5BRki97fWNMj1s7m/k="></latexit>

Z(w) =
X

t02T n

exp{score(t0,w)}
<latexit sha1_base64="s9jhtMHKXTsl+NMqkQHCvDAU5ik="></latexit>



What if we assume structure?

• Does the problem get any easier?

• Yes! And we’ll see how

• Structured prediction is about exploiting combinatorial structure for 
great good



Example of Structure: Additively 
Decomposable Score Functions

tag bigram

score (w, t) =
nX

i=1

score (w, ti�1, ti)
<latexit sha1_base64="Pk8nYAc6PVDkDE6Q3JFzsG+FJ0E="></latexit>

word sequence 
(sentence) of length n

tag sequence of length n is start-of-tagging symbolt0
<latexit sha1_base64="MlSI7MQNjprMJ4Skt7igfG66CnY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XGLePEY0ZhAsoTZyWwyZPbBTK8QloA/4MWDIl79Im/+jbObIGosaCiquunu8mIpNNr2p1VYWFxaXimultbWNza3yts7dzpKFONNFslItT2quRQhb6JAydux4jTwJG95o8vMb91zpUUU3uI45m5AB6HwBaNopBvs2b1yxa7aOcg8cWakAjM0euWPbj9iScBDZJJq3XHsGN2UKhRM8kmpm2geUzaiA94xNKQB126anzohB0bpEz9SpkIkufpzIqWB1uPAM50BxaH+62Xif14nQf/MTUUYJ8hDNl3kJ5JgRLK/SV8ozlCODaFMCXMrYUOqKEOTTikP4TzDyffL8+TuqOrUqrXr40r94mEaRxH2YB8OwYFTqMMVNKAJDAbwCM/wYknryXq13qatBWsW4S78gvX+BUKPjlE=</latexit>



N

V

A

D

Time flies like an arrow

N

V

A

D

N

V

A

D

N

V

A

D

N

V

A

D

Noun

Verb

Adv

Det

score(w, N, V)

w

score(w, V, A)

score(w, A, D)

sc
or

e(
w

, D
, N

)



Additive Decomposable Score Functions

score(w, N, V, A, D, N) =
score(w, N, V) + score(w, V, A) + score(w, A, D) + score(w, D, N)

Probability Distribution:

p(t | w) / exp {score(w, t)}

= exp

(
nX

i=1

score(w, ti�1, ti)

)

=
nY

i=1

exp {score(w, ti�1, ti)}
<latexit sha1_base64="+D5Ruwl/rXeS/ECbg+MNKXMFU0I="></latexit>



How do we Compute Z?
Z(w) =

X

tn1 2T n

nY

i=1

exp {score (w, ti�1, ti)}

=
X

tn�1
1 2T n�1

X

tn2T

nY

i=1

exp {score (w, ti�1, ti)}

=
X

tn�1
1 2T n�1

n�1Y

i=1

exp {score (w, ti�1, ti)}⇥
X

tn2T
exp {score (w, tn�1, tn)}

=
X

t12T
exp {score (w, t0, t1)}⇥

X

t22T
exp {score (w, t1, t2)}⇥ · · ·⇥

X

tn2T
exp {score (w, tn�1, tn)}

=
X

t12T
exp {score (w, t0, t1)}⇥ �(w, t1)

= �(w, t0)
<latexit sha1_base64="EnPhhGM4QW9DIzQB4Ov+IkrlFf0="></latexit>



A Simple Dynamic Program

• You’ve seen this before! It’s just the backward algorithm from HMMs

• Same algorithm, because the lattice structure is the same

• Runtime complexity? Space complexity?

�(w, tn) = 1

�(w, ti) =
X

ti+12T
exp {score (w, ti, ti+1)}⇥ �(w, ti+1)

<latexit sha1_base64="7Lc4uUbPAomp3ujEiV7CpE1R7w0="></latexit>



Graphical Representation

• That was a lot of algebra, huh!

• To gain insight insight into this problem, let’s consider a related 
problem of finding the highest-scoring tagging
• Note that multiplication distributes over max (for non-negative values) just 

like sum does, so the same derivation holds! 

�(w, tn) = 1

�(w, ti) = max
ti+12T

exp {score (w, ti, ti+1)}⇥ �(w, ti+1)
<latexit sha1_base64="zyua6sfRDtzinLD6ircQmff7ZmA="></latexit>
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Shortest Path in a Graph

• Find the shortest path in a (weighted) graph
• A very common problem in computer science
• In every computer science textbook
• We just reduced (MAP) inference to a problem you already knew!

Bellman Ford ViterbiDijkstra



One Problem, Many Algorithms

• Tagging lattices are acyclic, so we don’t have to worry about special 
solutions for cycles
• Dealing with cycles is a focal point in algorithms classes

• Dijkstra’s can incorporate a heuristic to make it faster
• This is known as A* search



What does “short” mean anyway?

• You just need to redefine ”short” to be a bit more abstract

• The computation of the partition function Z is a shortest-path 
problem in the abstract

• Can we go more general?
• We will parameterize the dynamic program by a semiring
• This gives us a family of algorithms



Introduction to Semirings

• A semiring is an
algebraic
structure

• The above is 
tedious! So, let’s 
come up with a 
better intuition



A Semiring is object where this Derivation Holds
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s
.M.

max
.
g

s
.O.Y.

g
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Backward Algorithm
Z(w) =

X
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Viterbi Algorithm



Examples of Semiring

https://www.aclweb.org/anthology/C08-5001.pdf

https://www.aclweb.org/anthology/C08-5001.pdf


Conclusion

• Deep-dive into discriminative tagging with CRFs

• Generalized the idea of a shortest-path problem to semirings

• You already knew the content of this lecture from your algorithms 
class!



Fin


