Calculus of bijections

» A=A, A=B = B=A , (A=ZBAB=C) = A=C
» IfA=XandB = Y then
PA)=P(X) , AxB=XXY , AWB=XWY ,
Rel(A,B) = Rel(X,Y) , (A=B)=(X=Y) ,
(A=B)=(X=Y) , BijA,B) =Bij(X,Y)
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A=Z[1lxA , (AxB)xC=Ax(BxC), AxB=BxA

OJWA=A , (AUB)JWC=AwW(BWC), AWB=ZBWA

O xA=[0 , ( AUB)xC=(AxC)yW (B x C)

(A= [1]) =[]
(0= A) =[],
MI=A)=A

(A=B)= (A=

P(A) = (A = [2])

(A¥B)=C)=(A=C)x (B=C)

(Bw[1])) /°TL

b b

-

C = b%) atb
C
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, (A= BxC)=(A=>B)x (A= C)—

, (AxB)=C)= (A= (B= Q)
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Characteristic (or indicator) functions

PA)Z(AS12)  [29-fot
SeHB) > Y A 250,13

Pefie— f:A=(41)
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Finite cardinality

Definition 136 A set A is said to be finite whenever A = [n] for
somen € N, in which case we write #A = n.
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Theorem 137 For all m,n € N,

1. P([n]) = [2"]
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Infinity axiom

There is an infinite set, containing () and closed under successor.
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Bijections

Proposition 138 For a function f : A — B, the following are

equivalent. B
oy 7y BT VD

f is bijective/ O O
2. VvbeB.dlaec A.f(a) =b. e e

3. _~(¥beB.JacA.f(a) =b) il
/\
(V a;,a; € A.fla;) =flay) = a; = az)7
e
SM‘J@/tN\ et

— 390 —



Surjections

Definition 139 A function f : A — B is said to be surjective, or a
surjection, and indicated f : A — B whenever

YbeB.3acA.fla)=b
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Theorem 140 The-identity function is a surjection, and the
composition of surjectionsyi riection.  J t-~ & C.

5()% Thd a. A c.h
The set of surjections from A to B is denoted 89 ,L)@q - c.

SUI’(A>B)2 W\o";) 356’5 5(}))>.C
and we thus have Lt be®. s(gl=c

Bij(A,B) C Sur(A,B) € Fun(A,B) C PFun(A,B) C Rel(A,E) .
g\,‘.r{)“:? a&&t\f@): °
Trow (904) &)= § (ffeo)) f Lt as €A a0~
= 9(50)'&- C E
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Enumerability

Definition 142

1. A set A Is said to be enumerable whenever there exists a

surjection N Z A, referred to as an enumeration.

2. A countable sef'is one that is either empty or enumerable.

@-{%)/ e(t), é@:)/ . &), - j;A“
f el)|nen j=A
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Examples:

1. A bijective enumeration of Z.

—3
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2. A bijective enumeration of N x N. @ 7%1 Al n enlt
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Proposition 143" £very non-empty subset of an enumerable set is




Countability

Proposition 144
1. N, Z, Q are countable sets.
2. The product and disjoint union of countable sets is countable.
3. Every finite set is countable.

4. Every subset of a countable set is countable.
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