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Partial functions

Definition 119 A relation R : A —— B is said to be functional, and
called a partial function, whenever it is such that

Vae A.Vby,b, € B. aRby A aRb, =— b;=b, .
Gl fADB = o parksl fuchiss
T )VZ“‘%A 'f ﬂhfbe"?) Ther. guoh 4 = > WIGUE.

oTATON o
e = he 'Aaf\n& ) Awle T

Wf@)bi%gb.&fb / I
)7
bﬂc&3¢f(—‘—7({l@w> CxXAMNE . A, v k{)ﬂr&ﬁ%
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Theorem 121 The identity relation is a partial function, and the
composition of partial functions yields a partial function.

NB
f=g:A—B
Iff
Vae A.(fla)] & gla)] ) A f(a) =g(a)
CO'\\P@"\J’{‘“.’U 'Ta r;\pg Y4 3{6#«»—» ?Méxé/( qgmu(\d\/:
ﬂutw-{_m,l 2. 9,,\1%? Q m\rc/méw{hgw
a. MJXJO o &D _(:Y 7[:@‘)6’5

(a L > %@)}
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Example: The following defines a partial function Z x Z — 7 x N:

» forn > 0and m > 0,
(n,m) — (quo(n,m), rem(n,m))

» forn > 0and m <0,
(n,m) — ( —quo(n,—m), rem(n,—m))

» forn <0andm > 0,
(m, m) — (— quo(—m, m) — 1, rem(m — rem(—n, m),m))

» forn <0and m <0,
(n, m) — (quo(—n, —m) + 1, rem(—m — rem(—mn, —m),—m))

lts domain of definition is { (n,m) € Zx Z | m #0 }.
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Proposition 122 ngr all finite sets A and B, Af’l’b
#(A=B) = (#B+1)# . — @/wt)

PROOF IDEA:
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Functions (or maps)

Definition 123 A partial function is said to be total, and referred
fo as a (total) function or map, whenever its domain of definition
coincides with its source.

f:4—3B 7 Thted
i doi) = § aeh | forl ] =7

No-()rflwo:
= B Thet we Wk f:A—23B.

(A=8) = sk~ if. sl funchws from A TR

Theorem 124 For all f € Rel(A, B), 2

fe(A=B) & Vae A.dlbeB. afb
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Proposition 125 For all finite sets A and B,

#(A=B) = #B" = m'™~

PROOF IDEA:
Amfo—ony | WD
B»f’gl—f—bm'z’, #@’*B)
DN = -
g F bl/j"\’ b, # <7A~V—>(:BWU3))
ay. 2 by b

: :. [:"‘] Or--y W'(E‘
N [1) - g1

QVLH b(“"bw\
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Theorem 126 The identity partial function is a function, and the
composition of functions yields a function.

NB
1. f=g:A—=Biff Vae A.f(a) = g(a).

2. For all sets A, the identity function id, : A — A is given by the
rule
ida(a) = a

and, for all functions f: A — B and g : B — C, the composition
function go f: A — C is given by the rule

(gof)(a) =g(f(a))
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