Relations and matrices

Definition 103

1. For positive integers m andn, an (m x n)-matrix M over a
semiring (S,0,,1,®) is given by entries M;; € S for all
0<i<mandl <j<n.

M (enxn) - X N (nrd)-matn
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Theorem 104 Matrix mult/pl/caQ/on is associative and has the

identity matrix as neutral element.
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Relations from [m] to [n] and (m x n)-matrices over Booleans
provide two alternative views of the same structure.

This carries over to identities and to composition/multipligation .

(VM) o= \én@a A ﬂﬁk) | B e, folee ]




G MLW\XVL\»MN/‘(*L

47/. rgL@’\) §[M3 < [»)
‘VZUGTCW,B/ /‘)ﬂ G‘CV\,:)

Ci,g") € P;C_ZCM) u/#%ﬂ Mp;?'—;.’h'ué,

Cloiwa ¢ 0> ALY
R vy mel(R) v wel(meb(k)) = 2 r
(mh) —haf Q"""‘)" '

M7 s e (M) aes ekl (1) = 1

ot red i) L5 =TS () € (M) D Mijadme



R & (m] x[w) Se ()= (2]
Sok & [fm'_\ x (4]

el (R) () -mol ek (€) (net)wal

met (8] * met(R )
)| e

m b (<o Q>




D1irected graphs

Definition 108 A directed graph (A, R) consists of a set A and a
relation R on A (i.e. a relation from A to A).
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Corollary 110 For every set A, the structure

(Rel(A), idn o) 7

IS a monoid. Z

Definition 111 ForR € Rel(A) andn € N, we let

R™ = Ro---oR € Rel(A)

vV

n times

be defined asid, forn =0, andasRoR°™ forn =m + 1.
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Paths
REAxA

Proposition 113 Let (A, R) be a directed graph. For alln € N and
s,t € A, s R°* t iff there exists a path of length n in R with source s
and target t.
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(hos ) S he 106 = U, A

Definition 114 fForR € Rel(A), let

R* = J{R™e€Rel(A) I neN} = U,y R .

neN

Corollary 115 Let (A, R) be a directed graph. For all s,t € A,
s R°* t iff there exists a path with source s and targett in R.

A= [0 f0-r 14T Hl(w*@/ *-.-....aewt@))
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The (n x n)-matrix M = mat(R) of a finite directed graph ([n], R)
for n a positive integer is called its adjacency matrix.

The adjacency matrix M* = mat(R°*) can be computed by matrix
multiplication and addition as M,, where

y

M, = I,
\ My = In—l—(M'Mk)

This gives an algorithm for establishing or refuting the existence of
paths in finite directed graphs.
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Preorders

Definition 116 Apreorder ( P, C ) consists of a set P and a relation
C onP (i.e. C € P(P x P)) satisfying the following two axioms.

P

» Reflexivity. d.;b C C
Vx e P. xCx

» Iransitivity.

— 354 —



porbisl ol (P.E)
r;p@—rcwf g. M
w xg? A 351’

Examples: ::> X.=

-

ﬁ

» (R, <) and (R, >).

> (P(A),C©) and (P(A),2).

> (Z,]).  wn|n
n(m A V"\l*é' =) VL[L
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N o~ Tt Arast reletion o A Thek” conping
Theorem 118 ForR C A x A, let R o L & MM

Jr = {QCAXA | RCQ A Qisapreorder} .
Then, (i) R°* € Fr and (ii) R°* C () Fr. Hence, R°* = () k.

PROOF:
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