gcd

fun gcd( m , n )
= let
val (g , r ) = divalg(m , n )
in
if r = 0 then n
else gcd( n , r )

end
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Fractions in lowest terms

fun lowterms( m , n )
= let
val gcdval = gcd( m , n )
in
( m div gcdval , n div gcdval )

end

— 199 —



Some fundamental properties of gcds

Lemma 62 For all positive integers 1, m, and n,
1. (Commutativity) gcd(m,n) = ged(n, m),
2. (Associativity) gcd (1, ged(m, n)) = ged(ged(l, m),n),
3. (Linearity)f gcd(l- m,l-n) =1-gcd(m,n).

PROOF:

*Aka (Distributivity).
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Euclid’s Theorem

Theorem 63 For positive integers k, m, andn, ifk | (m-n) and
gcd(k,m) =1 thenk | n.

PROOF: AL By i be ’Loh(ik E,{ZV,Q

A suwt R| (mn) @

Asouws  ged (R n) =1

RT?: Rl |

Zrom () n-c}gO{,w\);w 3ol La,a%,a]\

%wLQ’x.k} n-m) =

o @ M-"= A- b ,erme .

/ﬁ\”f’(fM n = tbcA(v\-lz,n-m) = 350( (n.k!,é-,b.)
- Rogal(nt) /by Linsny, 124
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Corollary 64 (Euclid’s Theorem) For positive integers m andn,
and prime p, ifp | (m-n) thenp | m orp | n.

Now, the second part of Fermat’s Little Theorem follows as a
corollary of the first part and Euclid’s Theorem.

PROOF: /X M, n kpm QEV” 2ol r bt a rﬂw
Asgum: p | (r-n)
AP - pm oF \vlw

%WS con S
G)fl‘"’\‘-%%m At

L(;C)\"’\/W\: Thtan Sﬂ (P,V\m)-z-i . b‘au(’f‘f\/"m
Thinon pt hort pla X
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Fields of modular arithmetic

Corollary 66 For prime p, every non-zero elementi of Z,
has [i"~%], as multiplicative inverse. Hence, Z,, is what in
the mathematical jargon is referred to as a field.

— 215 —



Extended Euclid’s Algorithm

13 + 8

7.

34

|

— N N N N~
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ATRY, '\:aaw e kel n i rug o d b

- oy LR twch N w= L-o+k.Db
o G Yo ba:_xtended Euchd’s Algonthm

Example 67

gcd(34,13) 34 = 2. 13 + 8 8§ = 34 -2 13
= gcd(13,8) 13 =1 8 + 5 5 =13 —1- 8
= gcd(8,5) 8§ = 1. 5 4+ 3 3 =8 -1 5
= gcd(5,3) 5 =1 3 + 2 2 = 5 -1 3
= gcd(3,2) 3 =1 2 + 1 1 = 3 —1. 2
= gcd(2,1) 2 =21 + 0
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ocd(34,13) || 8 = 34 ~2. 13
ged(13, 8) — 13 —1- §
= 13 —1. (34-2-13)
= —1-34+3-13
ecd(8,5) || 3= 8 —1- 2
— B4—-213 1. (91-34+3.13)
= 2.34+(=5)-13
gcd(5,3) ||2= 5 —1- 3
- T 3+1313 1. 2341(5-13)
= —3-34+8-13
ged(3,2) | 1= 3 —1- 2
= 234+ (-5)-13) —1. (-3-34+8-13))
— 5.34+(—13)-13
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Linear combinations

Definition 68 An integer r is said to be a linear combination of a
pair of integers m and n whenever

there exist a pair of integers s and t, referred to as the
coefficients of the linear combination, such that

[st]-{m}ZT!

n

that is

s -m+t-n=r1.
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Theorem 69 For all positive integers m andn,
1. gcd(m,n) is a linear combination of m and n, and

2. apairlc;(m,n), le,(m,n) of integer coefficients for it,
I.e. such that

m

} = ged(myn)
n

[ lc1(m,n) ICZ(m> TL) } . {

can be efficiently computed.
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Proposition 70 For all integers m andn,

40 0 1
1'[?1?2}'[111}:“1/\ [?1?2}'{111}:“' ‘/

J
n n
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Proposition 70 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,

s t1]'{m}=1‘1 /\ [sztz]-{m}:rz

n n
implies
e 72][1:} =T+
gt htty
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Proposition 70 For all integers m andn,

tlanl[R]=m A [l [T] =

2. for all integers sq, t1, 11 and s,, t,, 1,

s t1]'{m}=ﬁ /\ [sztz]-{m}:rz

n n
implies
m
% | =T1+712,
[1 z] {n} 1 2

3. for all integers k and s, t, r, s 'L‘{)/

[st}-[:}:rimplies [?] ?2}.[m}:k.r_

n

— 221-b —



gcd

fun gcd(m , n )

= let
fun gcditer( rl , c as r2 )
= let
val (q,r) = divalg(rl,r2) (x r = rl-g*r2 *)
in
if r =0
then ¢
else gcditer( c , r )
end
in
gcditer( m n )
end
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egcd

fun egcd( m , n )

= let
fun egcditer( ((s1,t1),rl) , 1lc as ((s2,t2),r2) )
= let
val (q,r) = divalg(rl,r2) (k r = rl-g*r2 *)
1in
if r =0
then lc
else egcditer( 1lc , ((sl-g*s2,tl-g*t2),r) )
end
1n
egcditer( ((1,0),m) , ((0,1),n) )
end
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fun gcd(m , n ) = #2( egcd( m , n ) )

fun 1ci(m , n ) = #1( #1( egcd( m , n ) ) )

fun 1c2( m , n )

#2( #1( egcd(m , n ) ) )
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Multiplicative inverses in modular ar}i[thmetic
~4 .
N wn ZM
Corollary 74 For all positive integers m andn,
1. n-le;(myn) = ged(m,n) (mod m), and

2. whenever gcd(m,n) =1,

lc;(m,m)| s the multiplicative inverse of [n]y, in Z, .
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Natural Numbers
and mathematical induction

We have mentioned in passing that the natural numbers are
generated from zero by succesive increments. This is in fact the
defining property of the set of natural numbers, and endows it with
a very important and powerful reasoning principle, that of
Mathematical Induction, for establishing universal properties of
natural numbers.
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Principle of Induction

Let P(m) be a statement for m ranging over the set of natural

numbers N.
|f

» the statement P(0) holds, and

» the statement
vneN. (Pn) = P(n+1))
also holds

then

» the statement
vm € N.P(m)
holds.
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Binomial Theorem

Theorem 29 Foralln € N,

x+y" = Y (B) X j P(n)

PROOF: /LJU/GL

by ik

T (A% @‘"O) o 2

P e (ZU’?} Zk,o ('Q “()

N o @4—(‘7) =1

0 - 0 ~0
A P A P ERE R
N2 ace AL
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Principle of Induction
from basis ¢

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number £.
If

» P({) holds, and

» Vn>(inN. (P(n) = P(n+1)) also holds
then

» Vm > {inN. P(m) holds.
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Principle of Strong Induction
from basis ¢ and Induction Hypothesis P(m).

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number <.
If both

» P({) and

> Yn>CinN. ((VkeLnl.P(k) = Pn+1))
hold, then

» Vm > {in N.P(m) holds.
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Fundamental Theorem of Arithmetic

Proposition 76 Every positive integer greater than or equal 2 is a
prime or a product of primes.

PROOF: XV[VI.7/2' ' ?Ch) P(p\) = n m}f’i‘(\ .
(. |
%2 Sdr i~ i N )

UV

- ~— \ wt" 2, :—; M.

g caw P2) 0 6”

Tn. STED %,L?/L. A oot ?CL) /%N ZS./LS.A@IIH)
/

R0 P (n+):

@;) nH w Mrmu—-
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Theorem 77 (Fundamental Theorem of Arithmetic) For every
positive integer n there is a unique finite ordered sequence of
primes (p; < --- <py) with{ € N such that

n=[[p1...,pd) -

PROOF:
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