The division theorem and algorithm

Theorem 43 (Division Theorem) For every natural number m and
positive natural number n, there exists a unique pair of integers q
andr suchthatq > 0,0 <r<n,andm=q-n+r.
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The division theorem and algorithm

Theorem 43 (Division Theorem) For every natural number m and
positive natural number n, there exists a unique pair of integers q
andr suchthatq > 0,0 <r<n,andm=q-n+r.

Definition 44 The natural numbers q and r associated to a given
pair of a natural number m and a positive integer n determined by
the Division Theorem are respectively denoted quo(m,n) and
rem(m,n).
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PROOF OF Theorem 43:
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The Division Algorithm in ML: 2:,\./\ ce v /t«,\/o\/\
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fun divalg( m , n ) o r~ N

= let

fun diviter( q , r )

g—

= if r < n then (q, r )

else diviter( gq+1 , r-n )

in ﬁ(gggr P& r<n
diviter( 0 , m ) /

end

m= Qr Nty

fun quo( m , n ) = #1( divalg(m , n ) )

fun rem( m , n ) #2( divalg(m , n ) )
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Theorem 45 For every natural number m and positive natural
number n, the evaluation of divalg(m,n) terminates, outputing a
pair of natural numbers (qo, 1) such thatro < nandm = qo-n+ry.

PROOF:
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Proposition 46 Let m be a positive integer. For all natural
numbersk andl, g - 3,.;(, (&M) M +-rem ([‘ m)
k=1 (mod m) < rem(k,m) =rem(l,m) .
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Corollary 47 Let m be a positive integer.

1. For every natural number n,
Cinet.
= Gue (nym). m. +ren (nm)
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PROOF:

n =rem(n,m) (mod m)
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Corollary 47 Let m be a positive integer.

1. For every natural number n,

n =rem(n,m) (mod m)

2. For every integer k there exists a unique integer [kl., such that

0<[klp,<m and k= kl,, (modm)

PROOF:

1 wm ™

12 N \
I — l

! U[R']M -

R

— 164-a —



