Pre-fixed points —

Let D be a posetand f : D — D be afunction.

Anelementd € D isa f if it satisfies
fld) Ed

The least pre-fixed point of f, if it exists, will be written

fiz(f)

It is thus (uniquely) specified by the two properties:

f(fix(f)) E fix(f) (Ifp1)
vde D. f(d)CTd = fiz(f) Cd. (Ifp2)
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Proof principle

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
For all x € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.
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Proof principle

f(fix(f)) E fix(f)

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
For all x € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.
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Least pre-fixed points are fixed points

If it exists, the least pre-fixed point of a mononote function on a
partial order is necessarily a fixed point.
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Thesis™

All domains of computation are

‘mpartial orders with a least element.
J\/\k\\/
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All domains of computation are

complete partial orders with a least element.

All computable functions are

g v M/&ﬁéﬁ@@

+ reh
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f— <\ -~/ Cpo’s and domains
L_Q: v S e
A chain complete poset, or cpo for short, is a poset (D, E) in

which all countable increasing chains dg = di T dy T ... have
least upper bounds, | |~ dn:

Vm >0.d,, C I_Id” (lub1)

n>0

VdeD.(Vm>0.dyp 5d) = | |daTd. (ub2)

n>0
A domain is a cpo that possesses a least element, L :

Vde D. 1l Cd.
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(¢ > 0 and (x,) achain)

]

n>0 4n

Vn>0.2, Cx

I—anO rn LT

({x;) a chain)
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg ittt dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
it graph(f) C graph(g)

~ Lub of chain fo C f; C fy C ... is the partial function f with
dom(f) = U,=q dom(f,) anc

fn( ) it x € dom(f), somenj/%(fj

flz) = defined otherwise
grerh ()< - ¢ gleph(f2) & - QUW%)
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Vo € dom(f). f(x) = g(x)
it graph(f) C graph(g)
Lub of chain fy C fi C fo C ... is the partial function f with
dom(f) = UnZO dom(fy) and

(fn(x) if v € dom(f,,), somen

fz) =

\ undefined otherwise

Least element _| is the totally undefined partial function.
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Some properties of lubs of chains

Let D be a cpo.
L —1.Forde D,| |, d=d

2. Foreverychaindg T di C...Cd, C...inD,
; len — leN—l—n
n n

forall NV € N, \

-

Ao L di & ""gatﬂ.l:”(l\/.ﬂ C - UAA/m
kANEO(MH C -.. U{\OLNHN
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3. Forevery pairofchainsdg T di C ... C d, C ... and
eolerC...Ce, C...inD,

if d,, C e, forallm € N then d, C
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D Aresie — ChD) ho ddests conleble
Choimo o Dy Uaf™5
(Ao CAS . Cdu S ) ey
3. Forevery pairofchainsdg T diy C ... C d, C ... and
eolerC...Ce, C...inD,

if d,, _ e, foralln € N then
Ch(®) & a fyfa/( Y At~
il (), S (&) n C—‘=>d'4 VoiLer do. S e

Vn > 0.2, E yy

] @) = D |1 0 el
() nen 1 (Un dn) €D T
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d,, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dp (7)
Then
| |dow © | |din & | |dom T ...
n>0 n>0 n>0
and

LI dm,O L LI dm,l L LI dm,S L ...

m>0 m>0 m>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d,, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dp (7)
Then
| | dow T | |din & | |d2n £ ...
n>0 n>0 n>0
and
| | dmo ©T | | dma & | | dms T ...
m=>0 m=>0 m=>0
Moreover

L { L dmn ) = [ dir =[] | L] dma

m>0 \n>0 k>0 n>0 \m=>0

36






/

Cgr)-

-

AWGJ)(.CW‘V\.) !bv&?e("\-,w) d-w—w ("‘ln)] WA’/(V«.,%)

a{m,vLC ‘ |- LJ 0{/{}{

R e N R

\qék ﬂ(m,VL < L\IK dh.R. Q&@L)

P

-«

Uh o(mlw g LJ\)QMR

L—[W\ Uy\ Ol_w’vt g L\][( A’%‘Q



@ itk e/
Cont}ou‘n/ trictness @

e If D and g/he function f is iff
1. it is monotone), and
2. It preserves lubs of chains, i.e. for all chains

do C dy C ... inD,itis the case that

f(u dn) — u f(dn) in L.
@ / n>0 n>0 \ @

(e £ L it 4 £

37



