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Lifted Product

Lifted product semigroup

Assume pS, ‚q is a semigroup. Let liftpS, ‚q ” pPfinpSq, ‚̂q where

X ‚̂Y ” tx ‚ y | x P X , y P Y u.

and PfinpSq is the set of finite subsets of S.

t1, 3, 17u ˆ̀ t1, 3, 17u “ t2, 4, 6, 18, 20, 34u
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Property management...

ASpliftpS, ‚qq ô ASpS, ‚q
IDpliftpS, ‚qq ô IDpS, ‚q pα̂ “ tαuq
ANpliftpS, ‚qq ô TRUE pω “ tuq
CMpliftpS, ‚qq ô CMpS, ‚q
SLpliftpS, ‚qq ô ILpS, ‚q _ IRpS, ‚q _ pIPpS, ‚q ^ | S | “ 2q
IPpliftpS, ‚qq ô SLppS, ‚qq
ILpliftpS, ‚qq ô FALSE

IRpliftpS, ‚qq ô FALSE
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union_lift

Assume pS, ‚, 1q is a monoid.

Semiring?

union_liftpS, ‚q ” pPfinpSq, Y, ‚̂, tu, t1uq
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Paths in a graph

Given a directed graph G “ pV , Eq.

A path in G

A path p in G is any sequence in V ˚. Let ǫ represent the empty path.

Let ¨ represent path concatenation.

r17, 21s ¨ ǫ “ r17, 21s
ǫ ¨ r21, 22s “ r21, 22s

r17, 21, 22s ¨ r33, 55s “ r17, 21, 22, 33, 55s
r21, 22s ¨ r21, 55s “ r21, 22, 21, 55s
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Elementray (simple, loopless) paths in a graph

A path p is elementary if no node is repeated.

elempV q “ tp P X | p is an elementary pathu

Let d represent path concatenation over elempV q Z tKu

inlpr17, 21, 22sq d inlpr33, 55sq “ inlpr17, 21, 22, 33, 55sq
inlpr21, 22sq d inlpr21, 55sq “ inrpKq

inlr17, 21s d inlpǫq “ inlpr17, 21sq
inlr17, 21s d inrpKq “ inrpKq
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Elementray (simple, loopless) paths in a graph

X rdY ” tx ‚ y | x P X , y P Y , x d y ­“ inrpKqu.

Semiring?

epathspV q ” pPfinpelempV qq, Y, rd, tu, tinlpǫquuq

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet Routing Lecture 9 Path VectorT.G.Griffin c©2018 7 / 12

Recall state transition
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First attempt doesn’t work ...

using

AddZerop8, pN, min, `q ~̂ epathspV qq

with an adjacency matrix A such that if pi , jq P E then

Api , jq “ inlpd , trisuq for some d P N and Api , jq “ inrp8q otherwise.

...
...

...

B998 “

»
——–

0 1 2 3

0 p0, tǫuq p1, tr0, 1suq p1, tr0, 2suq p999, tuq
1 p1, tr1, 0suq p0, tǫuq p1, tr1, 2suq p999, tuq
2 p1, tr2, 0suq p1, tr2, 1suq p0, tǫuq p999, tuq
3 8 8 8 p0, tǫuq

fi
ffiffifl

...
...

...
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Solution?

Note this is a bit of a “hack” — can we do better?

Let’s redefine the multiplication b of

AddZerop8, pN, min, `q ~̂ epathspV qq

as follows:

x b1 inrp8q “ inrp8q

inrp8q b1 x “ inrp8q

inlpd1, X q b1 inlpd1, Y q “

$
&
%

inrp8q if X rdY “ tu

inlpd1 ` d2, X rdY q otherwise
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Starting in an arbitrary state?

B0

»
——–

0 1 2 3

0 p0, tǫuq p1, tr0, 1suq p1, tr0, 2suq p2, tr0, 1, 3suq
1 p1, tr1, 0suq p0, tǫuq p1, tr1, 2suq p1, tr1, 3suq
2 p1, tr2, 0suq p1, tr2, 1suq p0, tǫuq p2, tr2, 1, 3suq
3 p2, tr3, 1, 0suq p1, tr3, 1suq p2, tr3, 1, 2suq p0, tǫuq

fi
ffiffifl

B1

»
——–

0 1 2 3

0 p0, tǫuq p1, tr0, 1suq p1, tr0, 2suq p2, tr0, 1, 3suq
1 p1, tr1, 0suq p0, tǫuq p1, tr1, 2suq 8
2 p1, tr2, 0suq p1, tr2, 1suq p0, tǫuq p2, tr2, 1, 3suq
3 8 8 8 p0, tǫuq

fi
ffiffifl
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Starting in an arbitrary state?

B2

»
——–

0 1 2 3

0 p0, tǫuq p1, tr0, 1suq p1, tr0, 2suq p3, tr0, 2, 1, 3suq
1 p1, tr1, 0suq p0, tǫuq p1, tr1, 2suq 8
2 p1, tr2, 0suq p1, tr2, 1suq p0, tǫuq p3, tr2, 0, 1, 3suq
3 8 8 8 p0, tǫuq

fi
ffiffifl

B3

»
——–

0 1 2 3

0 p0, tǫuq p1, tr0, 1suq p1, tr0, 2suq 8
1 p1, tr1, 0suq p0, tǫuq p1, tr1, 2suq 8
2 p1, tr2, 0suq p1, tr2, 1suq p0, tǫuq 8
3 8 8 8 p0, tǫuq

fi
ffiffifl
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