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Distributivity ?
Theorem: If ®s is commutative and selective, then

LD((S, ®s, ®s) x (T, @1, Q1)) <
LD(Sa ®Sa ®S) A L

RD((S, @s, ®s) X (T, &7, ®71)) <

RD(S, Ds, ®S) A RD(T, DT, ®T) A (RC(S, ®S) \% RK(T, ®T))

D(T, @7, ®71) A (LC(S, ®s) v LK(T, ®7))
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Left and Right Cancellative

LC(X, o)
RC(X, )

Va,b,ce X, cea=ceb=a=>
Va,b,ce X, asc=bec=a=>

Left and Right Constant

LK(X, o)
RK(X, o)

Va,b,ce X, cea=—ceb
Va,b,ce X, aec=Dbec
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Why bisemigroups?

But wait! How could any semiring satisfy either of these properties?

LC(X, o)
LK(X, o)

Va,b,ce X, cea=ceb=a=>
Va,b,ce X, cea=ceb

e For LC, note that we always have 0 ® a = 0 ® b, so LC could only
hold when S = {0}.

@ ForLK,leta=1 and b = 0 and LK leads to the conclusion that
every c is equal to 0 (again!).

constructing a semiring. Alternatively, we might want to complicate our

Normally we will add a zero and/or a one as the last step(s) of
properties so that things work for semirings. A design trade-off! }
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Proof of < for LD (Very carefully ...)

Assume
LD(S, ®s, ®s)

(1)

(2) ]LID)(T, DT, ®T>

(3) ]LC(Sv ®S) Vv LK(Tv ®T)
(4) TIP(S, Pg).

Let ® = Ps x @1 and ® = ®g x ®7. Suppose
(S1,t1), (S2,b2), (S3,83) € Sx T.

We want to show that

lhs = (s1, H) @ ((S2, ) ®(S3, 13))

((s1, ) ® (2, 1)) D ((S1, 1) ® (83, 13))
rhs
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Proof of < for LD

We have
lhs = (s1, 1) ®((S2, k) D (83, B3))
= (81, ) ®(S2®@s S3; tins)
= (51 ®s (S2®@s S3), b1 O tins)
rhs = (517 t1) (327 tZ)) ® ((817 t‘l) ® (837 tS))

(
<S1 ®s S2, 1 T t2) @ (31 Xs S3, 1 T l’3)
= ((51®s S2) Ds (S1 ®s S3), tins)

=) (31 Xs (32 ®Ds 33) trhs)

where i, and tys are determined by the appropriate case in the
definition of @. Finally, note that

lhs = rhs < trhs = t1 @ tlhs-
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Proof by cases on s, ®s S3
Case 1: 8 =S @Pg 83 =53. Then ty, = b D7 I3 and

b @7 tns =t T (L @7 B3) =(2) (t AT ) BT ( T B3).
Since s, = s3 we have s1 ®g So = S1 ®g S3 and
S1 ®s Sz =(4) (51 ®s S2) s (S1 ®s S3) =(4) S1 Vs S3-

Therefore,
bhs = (H @7 ©) @ (t QT ) = t QT tins.

Case 2 : so = So Pg S3 # S3. Then typs = b and
Q7 s = b ®71 bo.
Since s, = s, g S3 we have

S1 ®s S2 = S1 Qs (52 Ds S3) =(1) (51 ®s S2) s ($1 ®s S3)-
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Case 2.1 51 ®s Sp # S1 ®s S3- Then tys = t @7 o = t 7 tins.
Case 2.2 51 ®g S» = S1 ®g S3. Then

ths = (h QT L) OT (h @1 1) =12) h AT (L DT k)

We need to consider two subcases.

Case 2.2.1: Assume LC(S, ®g). But 51 ®g Sp = S1 ®g S3 = S» = Sa,
which is a contradiction.

Case 2.2.2 : Assume LK(T, ®7). In this case we know

Va,be X, h®ra=4t®&rb.
Letting a = b @71 t3 and b = t, we have

ths = QT (b D7) =H QT b =t QT lins.

Case 3 : s5 # So @g S3 = S3. Similar to Case 2.
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Other direction, = (Very carefully ...)
Prove this:

—']L]D)(Sa @Sa ®S) \4 _']L’]D(_)Tv @Ta ®T) Vv (_']L(C(S7 ®S) A _']LK<T7 ®T))
= —LD((S, @s, ®s) x (T, ®1, ®71)).

Case 1: —LLID(S, g, ®g). That is
Ja,b,ce S, a®s (b®s c) # (a®s b) Ds (a®s C).

Pick any t € T. Then for some t, b, I3 € T we have

[ NI
N N N N N

a (b, t)®(c t))
)®(bdsc, ty)

®

a,®s(b®sc), b)
(a®s b) ®s (a®s ©), t3)
a®shb, t®Tt)@(@a®sc, tRT )

Case 2: —LLID(T, ®71, ®7). Similar.
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Case 3: (—LC(S, ®g) A —LK(T, ®7)). Thatis
da,b,ce S, c®sa=cQRsbra#b
and
IX,y,ze T, ZRQT X #ZRT Y.

Since @g is selective and a # b, we have a= a®g bor b= a®gb.
Case 3.1 : Assume a= a®g b # b.
Suppose that t;,t,t3 € T. Then

lhs = (c, t)®((a k)®(b, tz))
= (¢ t)®(a b)
= (c®sa, T b)
ths = ((c, h)®(a, b)) @((c, t) (b, 13))

(c®sa, tHRTh)D (cRs b, t T l3)
(c®sa, (HR1h)DT (11 T 1))
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Our job now is to select 11, b, 3 so that

ths =1 QT b # (H QT 1) T (H QT B3) = lis-
We don’t have very much to work with! Only
IX,y,Ze T, ZRQT X # ZRT1 Y.

In addition, we can assume LD(T, ®7, ®7) (otherwise, use Case 2!),
SO

trhs = t1 T (t2 DT t3)
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We need to select 1y, b, {3 so that

fhs = @7 b # H Q1 (b DT 13) = b

Case 3.1.1: z®7 x = z®7 (X ®1 y). Then letting t; = z, t, = y, and
3 = x we have

hs =ZRTY #ZQRQTX=ZQRQT (XPTY) =ZQT (Y BT X) = bs-

Case 3.1.2: Zz®7 X # Z®7 (X ®T1 y). Then letting t; = z, t, = x, and
I3 = y we have

tlhs:Z®TX7éz®T(X@Ty) :trhs-
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Case 3.2: Assume b=a®s b # a.
Suppose that t;,t,t3 € T. Then

lhs = (¢, h)®((a L)@ (b, tz))
= (¢, t)® (b, t3)
= (c®sb, hHATH)

rhs

((c, ) ®(a, b)) ®((c, ) ® (b, t3))
(c®sa h®Th)®(c®sb, ti QT B3)
(
(

CRs b, (1 @7 ) DT (H ®T B3))
CRsb, t @7 (L @7 B3))
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We need to select 11, o, {3 so that

fhs =4 @73 # 1 QT (b DT 13) = b

Case 3.2.1: z®7x = Z®71 (X®7 ¥). Then Then letting t; = z, tb = x,
and I3 = y we have

lhs = ZQQTY #ZQRT X =ZQRT (XDTY) = tins.

Case 3.22: z®7 X # ZQT (XPr y). lettingty =z, b = y,and I3 = x
we have

fhs = ZQT X #ZQT (X®TY) = ZQT (¥ BT X) = s
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Computing Counter Examples

Note that from (a, b, c) such c®sa=c®gsb A a+# band (x,y,z) such
that z®7 x # z®7 y our proof computes a counter example to LD as

ifa=adgsb

thenif zQ 7T x = (Z®R7TX) BT (Z®TY)
then ((a, z), (b, y), (c, X))
else ((a, 2), (b, x), (c, y))

elseif z®7x = (zRT X) DT (Z®TY)
then ((a, 2), (b, x), (¢, y))
else ((a, z), (b, y), (c, x))
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Examples

True or counter example

name S @ ® LD LC(S,® LK(S,®)
min_plus N min +  « * (0,0,1)
max_min N max min « (0,0,1) (1,0,1)

For example, (0,0, 1) is a counter example for LC(N, min) since
Omin0=0min1,but0 =1.

Let’s turn the crank
LID(min_plus X max_min)

<  LD(min_plus) A LD(max_min) A (LC(N, +) v LK(N, min))
< TRUE
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Examples
Another turn of the crank

LID(max_min X min_plus)
< LD(max_min) A LD(min_plus) A (LC(N, min) v LK(N, +))
< FALSE

o

Note that the counter examples to LC and LK can be plugged into the
proof above to produce the a counter example to LD,

((0, 0), (0, 0), (1, 1))
and sure enough, with @ = max x min and ® = min x+ we have

(07 O)®((O7 O)@(17 1)) - (07 O)®(17 1) - (07 1)

but

((0,0)®(0,0)®((0,0)®(1,1))=(0, 00 (0, 1) = (0, 0)
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Another construction

Suppose that (S, ®g) and (T, ®7) are both commutative and
idempotent semigroups. Recall that S w T represents the disjoint
union of sets Sand T. That is,

SwT={inl(s) |se S} u{inr(t) | te T}.

Define the operation ® = ®s + ®rover Sw T as

inl(s) @ inl(s’) inl(s ®g §')
inr(t) @ inr(t') inr(t @7 t')
inl(s) @ inr(t) inl(s)
inr(t) @ inl(s) inl(s)
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Homework 1. Due 31 October.

@ Show that <g is a partial order, where this is defined in the usual
wayasx\@y—x_xeay

@ Whenis <} is a total order?

© Does <L have a least element? A greatest element?

© Suppose now that we have two semirings, (S, @5, ®s) and
(T, &1, ®7). We want to define a combinator that will produce a
semiring
(SwT, & )
How would you define ® from ®s and ®717?
©@ Can you give an informal interpretation for the resulting semiring?
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