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Semigroup properties (so far). Call this set of properties P5¢

AS(S, o) = Vab,ce S, ae(bec)=(aeb)ec

I[I[]D)(S o, ) = Vae S, a=aea=aeqa

ID(S, o) = Jae S, IID(S, o, a)
]IAN( o, w) = VaeS, w=wea=aew

AN(S, o) = FJwe S, TAN(S, o, w)

M(S, o) = VabeS, aeb=>bea

SL(S, o) = Va,be S, aebe{a, b}

IP(S, o) = Vae S, asea=a

Bisemigroup properties (so far). Call this set of properties P55

LD(S, &, ® = Va,b,ceS, a® (bdc)=(a®b)d(a®c)
RD(S, ®, ® = Va,b,ceS, (a®db)®c=(a®c)d(b®c)
ZA(S, ®, ® = 30e S, IID(S, @, 0) A IAN(S, ®, 0)
QA(S, @, ® = 3I1e S IID(S, ®, 1) AIAN(S, @, 1)

v
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Start with an (expandable) set of base structures

Semigroups
S ° a|lw | CM | SL | IP
S| left * *
S | right * *
N | min 0 N s
N | max | O * | *
N| + |0
Bisemigroups
S| @ ® |0]|1|LD|RD]|ZA | QA
N | min gs 0| =« * *
Nimax| + |00 | « *
N|max | min |0 * * b
N | min | max 0| = * *

v
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CAS idea

@ We want to develop a set of combinators for constructing new
semigroups and bisemigroups.

@ A CAS expression will be built from base structures and
combinators.

@ We want the collection of combinators to be closed in the
following sense:
For each property Q we can compute if a CAS expression satisfies
Q or if it satisfies —Q.

v
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Add identity

Addld(a, (S, »)) = (Sw {a}, o)
where Aw B = {inl(a) | ae A} u {inr(b) | b € B} and
a (if b = inr(«))
aeldp = { b (if a = inr(«))
inl(x e y) (if a=inl(x), b =inl(y))
Easy Exercises
AS(AddId(a, (S, e))) < AS(S,e)
ID(AddId(c, (S, o))) < TRUE
AN(AddId(a, (S, »))) < AN(S,e)
M(Addld(e, (S, ))) < CM(S,e)
IP(AddId(c, (S, o)) < IP(S,s)
SL(AddId(c, (S, ¢))) < SL(S,e)
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Adding an annihilator
AddAn(w, (S, @) = (Sw {w}, )
where
{ inr(w)  (if b= inr(w))
ael'b = inrf(w)  (if a = inr(w))
inl(x e y) (if a =inl(x), b =inl(y))
Easy Exercises
AS(AddAn(a, (S, o)) < AS(S,e)
]I]D(AddAn(a (S, o))) < ID(S,e)
AN(AddAn(a, (S, »))) < TRUE
M(AddAn(a, (S, »))) < CM(S,e)
IP(AddAn(a, (S, e))) < IP(S,e)
SL(AddAn(q, (S, »))) < SL(S,e)
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Direct Product of Semigroups

Let (S, o) and (T, ) be semigroups.

Definition (Direct product semigroup)

The direct product is denoted

(S, &) x (T, 0)=(SxT, x)

where

*x =0 X &

is defined as

(81, 1) x(S2, ) = (S1 @82, ti o).
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Easy exercises
AS((S,e) x (T,0)) < AS(S,e) A AS(T,0)
ID((S,e) x (T,¢)) < ID(S,e) AID(T,o)
AN((S,e) x (T,0)) < AN(S,e) A AN(T, )
CM((S,e) x (T,o)) < CM(S,e) A CM(T,o)
IP((S,e) x (T,0)) < IP(S,e) A TIP(T,0)
What about SIL?
Consider the product of two selective semigroups, such as
(N, min) x (N, max).
(10, 10) » (1, 3) = (1, 10) ¢ {(10, 10), (1, 3)}
The result in this case is not selective! )
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Direct product and SIL"?

SL((S,e) x (T,0)) < (IR(S,s) A TIR(T,o)) v (IL(S, ) A IL(T, o))

V.

IR is right
IL s left

Vs, te S,set =1t
Vs,te S,set=s5

IR((S,e) x (T,0)
IL((S,e) x (T,o)

< IR(S,e) AIR(T,0)
< IL(S,e) AIL(T,9)

N— N

Remember : we have an implicit assumtion that 2 < |S|.
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Revisit other semigroup constructions ...

To close our simple collection {AddId, AddAn} of semigroup
combinators we need

PY¢ = P§C U (IR, TL}
and

IR(AddId(, (S, o)))
IL(AddId(cx, (S, »)))

FALSE
FALSE

(I

IR(AddAn(a, (S, »)))
IL(AddAn(c, (S, e)))

FALSE
FALSE

(I
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Operations for adding a zero, a one

AddZero(0, (S, ®, ®)) = (Sw {0}, @4, ®%n)

AddOne(T, (S, ®, ®) = (Sw({l}, &, @)

Easy Exercises

LD(AddZero(0, (S, @, ®))) <= LD(S, @, ®)
RD(AddZero(0, (S, @, ®))) < RD(S, @, ®)
ZA(AddZero(0, (S, @, ®))) < TRUE

0A(AddZero(0, (S, @, ®))) < O0A(S, @, ®)
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Easy Exercises?

Consider left distributivity (LLID)

a b c a®¥ (belc) | (a®¥ b) @ (a®¥ c)
inl(2) | inl(p') | inl(c’) || inl(@ @ (B @) | inl((d @)D (& ®C))
inr(0) | inl(b') | inl(c") inr(0) inr(0)
inl(&) | inr(0) | inl(c’) inl(d ® ) inl(d ® ¢)
inl(&') | inl(b') | inr(0) inl(a@ @ b) inl(ad @ b)
inl(&') | inr(0) | inr(0) inr(0) inr(0)
inr(0) | inr(0) | inr(0) inr(0) inr(0)

v
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However, adding a one is more complicated!
Consider left distributivity (LID)

a b c agtd (ba?c) | (a®b) @ (a®!c)

inl(&) | inl(F') | inl(¢’) || inl(d @ (b’ ® ) | inl((&d @ V) @ (& ® C))

inr(1) | inl(®') | inl(c’) inl(b' ® ¢) inl(b' ® ¢)
inl(&) | inr(1) | inl(¢’) inl(a&) inl((d ®((@®c))
inl(&') | inl(®') | inr(1) inl(&) inl((d@b)® &)
inl(&') | inr(1) | inr(1) inl(&') inl(ad @ &)
inr(1) | inr(1) | inr(7) inr(1) inr(1)

.
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Absorption

what does a = (a® b) @ a represent?

Leta<b=a=a®b. Thena= (a® b) @ ais telling us something
else, that
a<ag®b.

That is, that multiplication is inflationary or non-decreasing.

ABsorption properties (name is from lattice theory)

RAB(S, @, ®)
LAB(S, @, ®)

Va,be S, a=(a@b)®a=ad® (a®b)
Va,be S, a=(b®a da=ad (b®a)

To close our simple collection {AddZero, AddOne} of bisemigroup
combinators we need

P55 = PE° U {RAB, LAB}.
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Rules for absorption for AddZero? Consider RAB

AddZero
a b (a@¥b)@ra | ady (ag¥ b)

inl(g) | inl(p) || inl((d @b)Da) |inl(d ®(d )

inr(0) | inl(b') inr(0) inr(0)
inl(&') | inr(0) inl(&) inl(&)
inr(0) | inr(0) inr(0) inr(0)

RAB(AddZero(0, (S, ®, ®))) < RAB(S, @, ®)
LAB(AddZero(0, (S, ®, ® S, @ ®
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Rules for absorption for AddOne? Consider RAB

AddOne
a b (ae'b)era | ad® (a®Yb)

inl(&) | inl(p) || inl((Z@Y)Da) | inl(d ® (& RD))

inr(1) | inl(b') inr(1) inr(1)
inl(&') | inr(1) inl(&') inl(ad @ &)
inr(1) | inr(1) inr(1) inr(1)
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Property management for AddOne

LD(AddOne(1, (S, @, ®))) < LD(S, ®, ®) A RAB(S, @, ®)
A TP(S, @)
RD(AddOne(1, (S, @, ®))) < RD(S, @, ®) A LAB(S, @, ®)
A IP(S, @)
ZA(AddOne(1, (S, @, ®))) < ZA(S, @, ®)
0A(AddOne(1, (S, ®, ®))) < TRUE
RAB(AddOne(1, (S, @, ®))) < RAB(S, @, ®) A IP(S, @)
LAB(AddOne(1, (S, @, ®))) < LAB(S, @, ®) A IP(S, @)
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Lexicographic Product of Semigroups

Lexicographic product semigroup

Suppose that semigroup (S, ) is commutative, idempotent, and
selective and that (T, ¢) is a semigroup.

(S, 0) X (T,0)=(SxT, *)
where x = e x ¢ is defined as

(S8, tiol) S4 =S8 =5
(81, t) * (S2, o) = { (Sy @8, 1) S| =818 #S
(51082, b) S1 # S1 S =S
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Examples
(N, min) x (N, min)

(1,17)x(2,3) = (1,17)
(2,17)%(2,3) = (2,
(2,3)%(2,3) = (2,3)
(N, min) x (N, max)
(1, 17)x(2,3) = (1,17)
(2, 17)%(2,3) = (2,17)
2,3 ,3)

v
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AS((S, o)>:<:(T,<>)) =
ID((S, o)>_<’(T,<>)) ==
AN((S, o)>:(T,<>)) =
CM((S, o)>_<)(T,<>)) =
IP((S, o)>_<’(T,<>)) =
SL((S, o))i(T,o)) =
IR((S, .>>_<,(T’<>)> ==
IL((S,e)x(T,o)) <

L11: Algebraic Path Problems with applice

AS(S,e) A AS(T, o)
ID(S,e) A ID(T, )
AN(S,e) A AN(T, o)
CM(T,o)

IP(T,o)

SIL(T, o)

FALSE

FALSE

T.G.Griffin©2018
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v

All easy, except for AS (very tedious!). We are assuming commutativity

and selectivity in order to guarantee associativity.
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Lexicographic product for Bi-Semigroups

Assume AS(S, @s) A AS(T, ®7) A CM(S, ®s) A SL(S, Ps)
Let

(S, ®s, ®s) X (T, ®7, QT)=(Sx T, ®s X B1, ®5 X QT)

That is, the additive component is a lexicographic product, and the
multiplicative component is a direct product.
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Examples

@ = min X max, ® = + x min

(3,10)® ((17,21) ® (11,4)) = (3,10)®(11,4)
= (14,4

N—

((3,10)® (17,21)) ® ((3,10) ® (11,4)) = (20,10)@® (14,4)
= (14,4

@ = max x min, ® = min x +

3,10)®((17,21)® (11,4)) = (3,10)®(17,21)
= (3,31)

((3,10)®(17,21)) ® ((3,10)® (11,4)) = (3,31)® (3,14)
= (3,14
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Distributivity ?
Theorem: If ®g is commutative and selective, then

LD((S, ®s, ®s) X (T, &1, ®7)) <
LD(S, ®s, ®s) A LD(T, @1, ®7) A (LC(S, ®s) v LK(T, ®7))

RD((S, @s, ®s) x (T, @1, ®71)) <
RD(Sa @Sa ®S) A RD(Ta @Ta ®T> A (RC(Sa ®S) Vv RK(T7 ®T))

v

Left and Right Cancellative

LC(X, o)
RC(X, o)

Va,b,ce X, cea=ceb=a=>
Va,b,ce X, asc=bec=a=>

Left and Right Constant

LK(X, o)
RK(X, o)

Va,b,ce X, cea=—ceb
Va,b,ce X, aec=Dbec
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