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Recall : Reduced semigroup.

Here | have made equality explicit.

If (S, =, e)is semigroup and r € S — S, then define
reduce((S, =, o), r) = (S;, =, o)

where

Sr
X'ry

{se S|r(s)=s}
I’(Xoy)
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General vs classical reductions

Both require RIP(S, r).

General Reduction (note quantification over S;)

RAS((S, o), r) = VX,y,Zz€e S, r(xer(yez))=r(r(xey)ez)

Classical reduction (all quantification over S)

RLC((S, ), r) = VX,ye S, r(r(x)ey)=r(xey)
RRC((S, o), r) = VYx,ye S, r(xer(y)) =r(xey)
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Example of a non-classical reduction?

Recall our “hack” from Lecture 9:
We redefined the multiplication ® of

AddZero(o, (N, min, +) x epaths(V))
as follows:

X ® inr(o0) = inr(oo)

inr(0) ® x = inr(o0)

inl(dy, X)® inl(dy, Y) =

inr(co) it XOY = {}
{ inl(

di + db, XOY) otherwise

Ah, can we do this as a reduction?
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Example of a non-classical reduction?

Define r as

r(inr(o0))

inr(o0)
inr(0) if X = {}

r(inrl(d, X) = {
inl(d, X) otherwise

Lets look at reduce(AddZero(co, (N, min, +) x epaths(V)), r)

The additive component:

Sr (N x ?ﬁn('elem(V))) w {00}),
D, ((min X)),
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Example of a non-classical reduction?
Let’s construct a violation of

RLC((S, @), r)=V¥x,ye S, r(rix)®y) =r(x®y)
Suppose d < d" and X = {}, then let

x = inl(d, {})
y = inl(d, X)
0 = inr(o)
then
lhs = r(r(x)@y)=r(@oy)=rly) =y
ths = r(x®y)=r(x)=o

This gives us an example that violates associativity:

(X®Dr0) Dy = XD (DD Yy)
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Example of a non-classical reduction?

But r does satisfy RAS for @ and ®

RAS((S, @), r) = VX, y,Z€ S, rIx®r(y®2z)) =r(r(xey)®2)

RAS((S, ®), r) VX, ¥, Ze S, rIx®@r(y®2)) =rrix®y)® z)

o

where
®

((+ x O)")
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However, distributivity is lost!

In general, we want for all a,b,c e S,
a®r(b®rc)=(a®rb)®r (a®rc)

That is
rlarb@dc)) =r(rla®b)®r(ak c))

Construct a counterexample:
@ |lhs : Suppose bd c = b, r(b) = band r(a® b) = @ becaue of a
loop.
@ rhs:
rirla®b)@r(a®c)) =r(cdr(a®c)) =r(rla®c)) =r(a®c),
and suppose a® c is loop-free.

@ Then lhs = rhs.
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Fully reduced semigroup.

If (S, =, o) is semigroup and r e S — S, then define
fullReduce((S, =, o), r) = (S, =", o)
where we assume RIP(S, r) and define

s="¢g
xe'y
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Remarks
@ Easy to show that (S, =") is an equivalence relation iff (S,, =) is
an equivalence relation (proof requires RIP(S, r)).
@ In standard programming languages (those without dependent
types) it is much easier to implement fullReduce((S, =, o), r) than
reduce((S, =, o), r).

v
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Associativity ?

Fact
AS(reduce((S, =, o), r)) < AS(fullReduce((S, =, o), r))

~

Proof is rather tedious: It relies heavily on RIP(S, r) and congruences:

VS1,82€ S,81 =S — r(s1) = r(s2)
V51782733784 € S7
(81 =S2AS3=284) > S1eS3 =508

RCONG(S, =, r)
CONG(S, =, »)
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