Partial functions

Definition 119 A relation R : A —— B is said to be functional, and
called a partial function, whenever it is such that
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Theorem 121 The identity relation is a partial function, and the
composition of partial functions yields a partial function.
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Example: The following defines a part%unction 7 X 7 — 7 x N:

» forn > 0and m > 0,

(n,m) — (quo(n,m), rem(n,m)) {QKA [’9 5. ﬂ%b?

» forn > 0and m <0,
(n,m) — ( —quo(n,—m), rem(n,—m))

» forn <0andm >0,
(m, m) — (— quo(—m, m) — 1, rem(m — rem(—n, m), m))

forn <0and m < 0,
(n,m) — (quo(—m,—m) + 1, rem(—m — rem(—m, —m), —m))

lts domain of definitionYs { (n,m) € Z x Z | m #0 }.
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Proposition 122 For all finite sets A and B,

44

#(A=B) = (#B+1)"" .
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Functions (or maps) {Et@f
Definition 123 A partial function is said to be total, and referred g

to as a (total) function or map, whenever its domain of definition
coincides with its source. v f/\(}}u'?f hes o~
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Theorem 124 Fonall f € Rel(A, B),

fe(A=B) & VacA.dbeB. afb .
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Proposition 125 For all finite sets A and B,
#(A=B) = #B7" .
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Theorem 126 The identity partial function is a function, and the
composition of functions yields a function.

NB
1. f=g:A—=Biff Vae A.f(a) = g(a).

2. For all sets A, the identity function id, : A — A is given by the
rule
ida(a) = a

and, for all functions f: A — B and g : B — C, the composition
function go f: A — C is given by the rule

(gof)(a) =g(f(a))
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