Continuity of the fixpoint operator

Let D be a domain.

By Tarski's Fixed Point Theorem we know that each
continuous function f S (D — D) possesses a least

fixed point, fix(f) Nl ]__J 7!~ C_L)

Proposition. The functlon

fir : (D — D)

IS continuous. UC F"‘% %ﬂ(j()
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Topic 4

Scott Induction
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Scott’s Fixed Point Induction Principle

Let f : D — D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least
fixed point of fisin S, i.e. that

fix(f) e s,

it suffices to prove

Vde D(deS = f(d)ef).
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo T ... inD

(¥n>0.d, € S) (Ud)

n>0

If D is adomain, S C D is called admissible iff it is a
chain-closed subset of D and 1. € S.

A property ®(d) of elements d € D is called chain-closed
(resp. admissible) iff {d € D | ®(d)} is a chain-closed
(resp. admissible) subset of D.
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Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Foreveryd € D, the subset

def - Jf@t)

Wd) ={zeD|xEd} -

of D is chain-closed. ng
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Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Forevery d € D, the subset

Wd) = {zeD|zCd)

of I is chain-closed.

e [he subsets

{(z,y) e D x D |z Ly}
{(:IJ,y)EDXD x:y}

and

of D x D are chain-closed.
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Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

vd € D.(d) C d fiz(f) C

(FMMM ) Elgrj f\\/

B c/J/@u = 1 ei@o
ﬁ%qﬂ) € \f

UDM["F) CA

V) admsshL
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Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vde D. f(d)Cd = fiz(f) T d

Proof by Scott induction.

Let d € D be a pre-fixed point of f. Then,

r € (d) rCd
f(z) T f(d)
flz) Ed

flz) €l

I

VR

d)

Hence,

fiz(f) € Ud) .
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — FE be a continuous function.

If S is a chain-closed subset of E' then the inverse image
[7'S = {zeD]f(z)eS)}

is an chain-closed subset of D).
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Example (ll)

Let D be a domain and letf—¢- /) — D be continuous
functions such that f © g C g o f. Then,
\

[, 4 £ L g & N
£l L6 LEgLT -
4/%4,% L % @aMM‘
- C Lt 1T - - hEN.
L 7% KF 7ﬁ %&ngLl
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Example (ll)

Let D) be adomain andlet f, g : D — D be continuous
functions such that f o g = g o f. Then,

f(L) EgL) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the admissible property ®(z) = (f(z) C g(z))
of D.

Since

f(x) Eg(x) = g(f(x)) E g(g(x)) = f(g(x)) E g(g(x))
we have that

f(fiz(g)) C g(fix(g)) .
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Building chain-closed subsets (lll)

Logical operations:
o If.S.T" C D are chain-closed subsets of D) then
SUT and SNT
are chain-closed subsets of D).
o If {S; }icr is afamily of chain-closed subsets of D

indexed by a set I, then ()., S; is a chain-closed
subset of D).

el
e If a property P(x, y) determines a chain-closed subset of

D x E, then the property Vo € D. P(x,y) determines
a chain-closed subset of E.
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Example (lll): Partial correctness

Let F : State — State be the denotation of

while X > 0do (Y =X *xY; X=X —-1) .

Forallxz,y > 0,
FIX—z,Y—=yll

= FX = 2,Y =yl =[X = 0,Y =3y
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Recall that
F = fiz(f)
where f : (State — State) — (State — State) is given by

(

(x,y) if z <0

= Mx,y) € State. <
flw) (@9) e w(r —1,x-y) ifx >0

\
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Proof by Scott induction.

We consider the admissible subset of (State — State) given by

Va,y > 0.
S=<% w w|l X —x,Y —yll
= w[X 5 2,Y >y = [X 0,V =&l y]

and show that

weS = f(w)es.
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Topic 5

PCF



PCF syntax

T :=nat | bool | T — T

M == 0 | succ(M) | pred(M)
true | false | zero(M)
xr | if M then M else M
ftnx:7.M | MM | fix(M)

where £ € V, an infinite set of

Technicality: We identify expressions up to c«x-conversion of
bound variables (created by the fn expression-former): by
definition a PCF IS an «x-equivalence class of expressions.
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PCF typing relation, I' = M : 7

e I'is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(T"))
e M isaterm
® T isatype.

Notation:

M : 7 means M is closedand ) = M : 7 holds.

PCF, ¥ {M | M : 7).

63



PCF typing relation (sample rules)

Clx—7|FM:7
(tfn) itz & dom(T")
Ctfnx:7. M:7— 7

'-My:7—=7 T'FMy:71
Pl_MlMQIT/

(:app)

I'=M:7—T1

() I'Ffix(M): 7
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