PLC type system

(var) Sy if (x:Tt) €Tl
r,x:T1|—M:T2 .

f f d T
(in) I'FAx:u (M) : 11— T fx & dom(T)
( ) r|—M:‘C'1—>Tz r|_M,:T1

a

PP T-MM : o
'EM:T :
f to(T
(80 Aw (M) Va (z) ¢ ES(D)
r|—M:VDC(T1)
(spec)

I+ MTZ . '1'1[’['2/04]



PLC opermbor associnden

My M, Mo means (M) M) M4
MyM, T means  (MM) T efe.
Vot (7)) weans Y, (Ver, (7))
NL T A5 G (M) yeans >\1\!‘C‘<>\31f1&(f\/1))
Nethoe (M) means Nog (As, (M)



Dah’(ypes m PLC [ Sed iy

® &QXL\V\L a Samkelde PLC %‘i”?e
fov e dako
® MV\L owmtalde Lo o eSSBS
o Volues X optrrbioas on the b ada

o Sww PLC QJXP\/(AS\:GY\\S howe Govred
‘@?\'V\gs k" @w\?vd'mmmk belnow ouu-

nead To give PLC o j
oyerodhonal  Semantics




Functions on types
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Functions on types

In PLC, | Aa (M) | is an anonymous notation for the function F
mapping each type T to the value of M[t/«] (of some particular

type).

F T | denotes the result of applying such a function to a type.

Computation in PLC involves beta-reduction for such functions on

types
(Aax (M)) T — M[t/a]

as well as the usual form of beta-reduction from A-calculus

(Ax 4 (Ml)) M, — M, [lex]



Beta-reduction of PLC expressions

M beta-reduces to M’ in one step, | M — M’ | means M’ can be
obtained from M (up to alpha-conversion, of course) by replacing
a subexpression which is a redex by its corresponding reduct.

The redex-reduct pairs are of two forms:

(Ax: T (My)) My — M;[M;/x]
(Ax (M)) T — M|[7/a]
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M beta-reduces to M’ in one step, | M — M’
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Beta-reduction of PLC expressions

M beta-reduces to M’ in one step,

M — M’

means M’ can be

obtained from M (up to alpha-conversion, of course) by replacing
a subexpression which is a redex by its corresponding reduct.
The redex-reduct pairs are of two forms:

(Ax: 7 (Mi)) My — My [Ma/x]

(Ax (M)) T — M|[7/a]

M —* M’ indicates a chain of finitely’ many beta-reductions.

(t possibly zero — which just means M and M’ are alpha-convertible).

M is in beta-normal form if it contains no redexes.



Properties of PLC beta-reduction on typeable
expressions

Suppose I' = M : T is provable in the PLC type system. Then the
following properties hold:

Subject Reduction. If M — M’ thenT = M’ : T is also a
provable typing.



Subjeck reduckion ; if [ M:T & M= M,
tam U M

[ >x:T'-M:T
|
[FAxig(m) et [emeT
[T/ ()W 2 T




EDC:?‘I—N\:"C
!
[FAcg(m) et [eMT
[~ (T’ ()W T

~B
M\ [ M’/'DC]



[ >x:T'-M:T
|
[FAxig(m) et [-meT
[~ (s Tim))m T

'\Lp 1o erfl/frwé
’ e TS e TVpL T,
N\]—_M/'DC] naeqd to ;ﬁ\)\‘t a

Qubshinbim Lawm a




e M :T |
e owmd T-m':
‘e |
rl— N\[M/D\. : T

Qubshinbim Lawm a

(provedt bh Wdmchion sn s s M)



S\Ab\)ed‘\rtdudﬂw\l:f FMiT & Mo MW,
tam U MW

' Mt T
& A ()
U Ax(M] 2 Yez(z) (

[ (A (m)) ' el




' Mt T
& v ()
U AX(M] 2 Ye(z) o

[ (N (m)) Tt et/ )

\\/@ Yo see ik Fis o
ML T/ ) Tupe T(e'/ol) , need

To Prove o
SunbsHnhon lumma



L Tk m: 7 % & S (T)

(- M[Tt//x ) : Z[‘Z//ol—]
SunbsHmbon lumma

x \V\}V\()TW\
(DS%QJ%L v )



Properties of PLC beta-reduction on typeable
expressions

Suppose I' = M : T is provable in the PLC type system. Then the
following properties hold:

Subject Reduction. If M — M’ thenT = M’ : T is also a
provable typing.

Church Rosser Property. If M —* M7 and M —* M,, then
there is M’ with My —* M’ and M, —* M’
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Properties of PLC beta-reduction on typeable
expressions

Suppose I' = M : T is provable in the PLC type system. Then the
following properties hold:

Subject Reduction. If M — M’ thenT = M’ : T is also a
provable typing.

Church Rosser Property. If M —* M7 and M —* M,, then
there is M’ with My —* M’ and M, —* M’

Strong Normalisation Property. There is no infinite chain
M — M{ — M, — ... of beta-reductions starting from M.
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PLC beta-conversion, =g

[ By definition, | M =g M’ | holds if there is a finite chain

where each — is either — or <, i.e. a beta-reduction in one
direction or the other. (A chain of length zero is allowed—in which
case M and M’ are equal, up to alpha-conversion, of course.)
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PLC beta-conversion, =g

By definition, | M =g M’ | holds if there is a finite chain

where each — is either — or <, i.e. a beta-reduction in one
direction or the other. (A chain of length zero is allowed—in which
case M and M’ are equal, up to alpha-conversion, of course.)

Church Rosser + Strong Normalisation properties imply that, for
typeable PLC expressions, M =g M’ holds if and only if there is
some beta-normal form N with

M —* N *« M’
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Polymorphic booleans

bool = Va (& — (x - ))
True & Ax (Ax1:a,x2:0(x1))
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