Last time

System Fw

K1 is a kind K> is a kind
K1 = K5 is a kind

=-kind

I’I—A::K1:>K2

Moa:KiFA: K it l=B:K;
Fhxc KA K=K ™% TraB K,

=-elim

(and encoding data types: 1, 2, N, +, lists, nested types and =)
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This time

r=m:7
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What is type inference?

# fun f g x -> £ (g x);;
- : (a -> ’b) -> (’c -> ’a) -> ’c -> ’b = <fun>
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Goal
succinctness of annotation-free code
+
safety and expressiveness of System Fw
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What is type inference?

# fun £ g x -> £ (g x);;
- : (’a => ’b) -> (’c -> ’a) -> ’c -> ’b = <fun>

Goal
succinctness of annotation-free code

_|_
safety and expressiveness of System Fw

Bad news
the goal is unachievable
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The ML calculus



The ML calculus

| .
|

)\—>
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Prenex quantifification

Voa.ao — «
VaVp.a— (8 — B)
Va.(VB. — B) = «

Va.ao — (V8.8 — B)

Let-bound polymorphism
let id = fun x -> x

in id id

let id x = x
in id id

let £ id = id id
in £ (fun x -> x)

(fun id -> id id)
(fun x -> x)
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Prenex quantifification

Yoo o

VaVB.a— (B—0)

Va.(V6.80 = B) > a X

Voa.ao — (VB.0— B) X

Let-bound polymorphism

let id = fun x -> x
in id id

v

let id x = x
in id id

v

let £ id = id id
in £ (fun x -> x)

X
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Types and schemes

: B-types
['E B is a type Y = Ais a type
[ Bis a type
acl ' —types
-t
FFozisatypeaypeS FhA=Bisatype

INak Ais a type
I+ Va@.A is a scheme

scheme
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Environments

- I is an environment
[+ S is a scheme
I, x: S is an environment

- Is an environment
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Typing rules for —

MNx:AFM:B r-=M:A—B

T-a.M:A B - ntro TEN:A
F-MN:B

—-elim
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Typing rules for schemes

rEM:A anftv(lN =0 M x:va.A-N:B
N-letx = MinN:B

scheme-intro

x:Va.Ael
[+ Bisatype (for B € B)
[ x: Ala:= B]

scheme-elim
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Milner's algorithm
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Substitutions

[31 — Al, a +—» AQ, ... an An]

For example, let
o be[a— B, b (B—B)]
Abea—b—a

Then
gAis B— (B— B) — B.

If
oA =B (for some o)
then we say
B is a substitution instance of A.

12/ 49



Constraints

a==~ns
a—-b=B—=b
B=B
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Unification

unify : ConstraintSet — Substitution

anify(0) = [
unify({A = A} U C) = unify(C)

unify({a = A} U C) = unify([a — A]C) o [a — A]
when a ¢ ftv(A)
unify({A = a} U C) = unify([a — A]C) o [a — A]
(

when a ¢ ftv(A)
unify({A — B=A"— B'} U C) = unify{A=A,B=B'}uU ()
unify({A = B} U C) = FAIL
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Algorithm J

J : Environment X Expression — Type

J (', AXx.M) = b— A
where A = J (I',x:b, M)
and b is fresh

J (', M N) = b

where A = J (', M)

and B = J (I', N)

and unify’ ({A = B — b})
succeeds

and b is fresh

J (I, x) = Al@:=h]
where T (x) = Va.A
and b are fresh

J (', letx=MinN) = B
where A = J (I', M)
and B = J (I',x:Va.A, N)
and @ = ftv(A) \ ftv(l)

15/ 49



Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) =
J(C,f:b1, Xx.f x) =
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = by = by — bs
J(C,f:b1, Ax.f x) = by — b3
JC,f:b1,x:by, £ x) = bs
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Algorithm J in action
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let id = Ay.y in
apply id) =
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JC,f:b1,x:by, £ x) = bs
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (bo— b3) = bo — b3
JC,f:b0 =+ b3, Ax.f x) = by — b3
JC,f:b0 - b3,x:bp, £ x) = b3
J(C,f:by— b3,x:b, £) = by — b3
J(C,f:bp > b3,x:b2, X) = by
unify ({1 = bo = b3}) = {bi — b — b3}
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (bo— b3) = bo — b3
JC,f:b0 =+ b3, Ax.f x) = by — b3
JC,f:b0 - b3,x:bp, £ x) = b3
J(C,f:by— b3,x:b, £) = by — b3
J(C,f:bp > b3, x:by, x) = by
ftv((bo = b3) = by = b3) = {b2, b3}
ftv () = {}
{b, b3} \ {} = {b», b3}
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (by = b3) = by — b3
J(-,apply:Vazas. (a2 = a3) = a2 — a3,
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (by = b3) = by — b3
J(-,apply:Vazas. (a2 = a3) = a2 — a3,
let id = Ay.y in apply id) =
J(-,apply:Vanaz. (a2 = a3) = az = as,
AY.y) = by — b
J(-,apply:Vasas. (a2 — az)— a2 = az,y:bs, y)
= by
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (by = b3) = by — b3
J(-,apply:Vazas. (a2 = a3) = a2 — a3,
let id = Ay.y in apply id) =
J(-,apply:Vanaz. (a2 = a3) = az = as,
AY.y) = by — b
ftv(bs — bs) = {bs}
ftv (-, apply:Varasz.(a2 = a3z) = az = a3) = {}
{bs} \ {} = {bs}
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
JCG, M. Ax.f x) = (by = b3) = by — b3
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) =
J(C, M. Ax.f x) = (bo— b3) = by — b
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J(-, apply:Vasas.(a2 = a3) = a2 — as,
id:Vos.0u — as, apply)
= (bs — br)— bs — by
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Algorithm J in action
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Algorithm J in action

unify ({(bs — b7)— be — by = (bg — bg) — bs})
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Algorithm J in action

unify ({(bs — b7)— be — by = (bg — bg) — bs})
= unify ({bs — by = bg— bg,
b6—)b7 = bs})

36/ 49



Algorithm J in action

unify ({(bs — b7)— be — by = (bg — bg) — bs})
unify ({bs — by = bs — bg,

be — by = bs})
unify ({bs = bg,

b; = bs,

be — b7 = bs})
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Algorithm J in action

unify ({(bs — b7)— be — by = (bg — bg) — bs})
= unify ({bs — br = bg — bg,
bs — b7 = bs})
= unify ({bs = bsg,
b; = bs,
bs — b7 = bs})
= {bs ~ bg, by — bg, bs — bs— br}
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Algorithm J in action
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Algorithm J in action

J(, let apply = Af.Ax.f x in
let id = Ay.y in
apply id) = bg — bg
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Type inference in practice
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Type inference and recursion

Mx:AFEM:A a ¢ ftv(lN) Mx:Va.A-N:B
letrecx=MinN:B

let-rec
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Supporting imperative programming: the value restriction

type ’a ref = { mutable contents : ’a }
val ref : ’a -> ’a ref
val (! ) : ’a ref -> ’a
val (:=) : ’a ref -> ’a -> unit
let r = ref None in
r := Some "boom";

match 'r with
None -> ()
| Some £ -> f ()
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Relaxing the value restriction: variance

type ’a printer = ’a -> string

(’a -> ’b) -> ’a printer -> ’b printer list

—

B~ printer “‘St

printer
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Relaxing the value restriction: the rules

Should we generalize?

> covariant type variables
> invariant type variables
> contravariant type variables

> bivariant type variables
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Next time

rN-mM:A—B rN-A—-B
Fr-N:A r-A
rN-=-MN:B M-B
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