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Last time

)\H

sums

products

polymorphism

A:A.M

inl [B] M
inr [A]l M

(M, N)

Na::K.M

M N

case L of x.M | y.N

fst M
snd M

M [B]
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This time

AT — MCAM

produets

polymorphism V Na:K.M

pack B, M

existentials 3
as Ja::K.A

type operators = Aa:K.B

M [B]

open M
a,x in N

AB

as
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This time: building data

1 bool N

+ lists

non-regular types
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Existential types



What's the point of existentials?

v

V and 3 in logic are closely connected to polymorphism and
existentials in type theory

v

As in logic, V and 3 for types are closely related to each other

v

Module types can be viewed as a kind of existential type

v

OCaml’s variant types now support existential variables
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Existential intuition

Existentials
correspond to
abstract types
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Kinding rules for existentials

Ioa:KEA:x
NEJa:K.A %

kind-3
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Typing rules for existentials

=M : Alo:=B] MN-3aK.A

[ pack B, M as Jo::K.A: Ja:K.A -intro
Fr=M:3a:K.A
MNNa:K,x:A-M:B ‘
J-elim

I+open Masa,xin M : B
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Unit in OCaml

type u = Unit
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Encoding data types in System F: unit

The unit type has one inhabitant.

We can represent it as the type of the identity function.

Unit = Vaix.a — «

The unit value is the single inhabitant:

Unit = Aa:ix.)da:a.a

We can package the type and value as an existential:

pack (Va:ix.a — a,
Aoz . da:a. a)
as JU :: x.u

We'll write 1 for the unit type and () for its inhabitant.
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Booleans in OCaml

A boolean data type:

type bool = False | True

A destructor for bool:
val _if_ : bool -> ’a -> ’a -> ’a
let _if_ b _then_ _else_ =

match b with

False -> _else_
| True -> _then_
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Encoding data types in System F: booleans

The boolean type has two inhabitants: false and true.

We can represent it using sums and unit.

Bool = 1+1

The constructors are represented as injections:

false = inl [1] ()
true inr [11 ()

The destructor (if) is implemented using case:

Ab:Bool.
Aok,
Ar.a.
As:ia.case b of x.s | y.r
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Encoding data types in System F: booleans

We can package the definition of booleans as an existential:

pack (1+1,
(inr [11 (),
(inl [11 (),
Ab:Bool .
NYeRER
Ar:a.
As:a.
case b of x.s | y.r)))
as dfox.
B X
8 x

(B = Varxa — a— a)

14/ 37



Natural numbers in OCaml

A nat data type

type nat =
Zero : nat
| Succ : nat -> nat

A destructor for nat:
val foldNat : nat -> ’a -> (’a -> ’a) -> ’a
let rec foldNat n z s =

match n with

Zero -> z
| Succ n -> s (foldNat n z s)
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Encoding data types in System F: natural numbers

The type of natural numbers is inhabited by Z, SZ, SSZ, ...
We can represent it using a polymorphic function of two
parameters:

N = Vaixa— (a = a) =«
The Z and S constructors are represented as functions:

: N

ANax . Az ds:ao — .z

: N—> N

= AnVaixa — (@ = a) = a.

ANax. dza. ds:a—a.s (n [a]l z s),

n un N N
1]

The foldN destructor allows us to analyse natural numbers:

foldN : N = Vaixa — (o = a) > «
foldN = AnVaix.a — (o —a) > a.n
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Encoding data types: natural numbers (continued)

foldN N = Vaixa — (a = a) = «

For example, we can use foldN to write a function to test for zero:

An:N. foldN n [Bool] true (Ab:Bool.false)

Or we could instantiate the type parameter with N and write an
addition function:

Am:N. An:N. foldN m [N] n succ
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Encoding data types: natural numbers (concluded)

Of course, we can package the definition of N as an existential:

pack (Va:ix.a— (a—a) = a,
(Aax Az As:a — .z,
(AnVaix.a — (o = a) = a.
Noazx. dza. ds:aa—a.s (n [al z s),
(An:Vaix.a — (@ — a) = a.n))))
as EIN k.
X
(N N) x

(N = Varkxa — (o = a) > «)
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System Fw

(polymorphism + type abstraction)
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System Fw by example

A kind for binary type operators

* = ok = %

A binary type operator
Aacx A\Bik.a+ 8

A kind for higher-order type operators

(x = %) = % = %

A higher-order type operator
Ak = x dazx.g (¢ )
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Kind rules for System Fw

K1 is a kind K> is a kind
Ki = K5 is a kind

=-kind
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Kinding rules for System Fw

FI—A::K1:>K2

MNa:KiFA: K e intro M- B: K
MoK A K=Ky THAB: K,

=-elim
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Sums in OCaml

type (’a, ’b) sum =
Inl : ’a -> (’a, ’b) sum
| Inr : ’b -> (’a, ’b) sum

val case
(’a, ’b) sum -> (’a -> ’c) -> (b -> ’¢c) -> ’c

let case s 1 r =
match s with

Inl x -> 1 x

| Inr y -> r y
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Encoding data types in System Fw: sums

We can finally define sums within the language.
As for N sums are represented as a binary polymorphic function:

Sum = lax MGk Vyix(a— ) = (B—7) =y
The inl and inr constructors are represented as functions:

inl = Aaix . ABux. Avia. Ayix.
AL —» vy At —~v.1 v

inr = Aaix. ABux AviB. Ayix.
Al:ia - v. At —~v.r v

The foldSum function behaves like case:

foldSum =
Aok ABix  AeVyix(a— ) > (B —7v) = v.c
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Encoding data types: sums (continued)

Of course, we can package the definition of Sum as an existential:

pack Aok NG Vyix(a — ) = (B—=7) =7,
Nacix NBox  Avia  Ayix ALiae > vy Arf — .1 v
Aok NG v B Ay ALlia — v A — y.r v
Aok  ABis  deVyix(a—v) = (B—7v) = v.c
as Joix = % = *.
VoaixVB:ix.ao — ¢ a B
X Ya:xVB:x.0 — ¢ af
X VouxVBuxgpaff — Vyus(a— )= (B—7) =7

(However, the pack notation becomes unwieldy as our definitions
grow.)
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Lists in OCaml

A list data type:

type ’a 1list =
Nil : ’a 1list
| Cons : ’a * ’a list -> ’a 1list

A destructor for lists:

val foldList
’a list -> ’b -> (’a -> ’b -> ’b) -> ’b

let rec foldlList 1 n c =
match 1 with
Nil -> n
| Cons (x, xs) -> ¢ x (foldList xs n c)
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Encoding data types in System F: lists

We can define parameterised recursive types such as lists in
System Fuw.

As for N lists are represented as a binary polymorphic function:
List = AwxVox=*xda—(a—=da—da)—da
The nil and cons constructors are represented as functions:

nil = Aa:x.Ap:x = . dnpa. Acca—>dpa—da.n
cons = Aaix.\x:a.Axs:List .
Apix = . dnipa. Acca = pa— pa.
c x (xs [¢] n ©)

The destructor corresponds to the foldList function:

foldList = Aa:x.AfB:x.Ac:a— §— B.An:0.
Al:List .1 [Myux.8] n ¢
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Encoding data types: lists (continued)

We defined add for N, and we can define append for lists:

append = Aaix.
Al:List a. Ar:List «.
foldList [a] [List «]
1 r (cons [al)
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Nested types in OCaml

A regular type:

type ’a tree =
Empty : ’a tree
| Tree : ’a tree * ’a * ’a tree -> ’a tree

A non-regular type:

type ’a perfect =
ZeroP : ’a -> ’a perfect
| SuccP : (’a * ’a) perfect -> ’a perfect
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Encoding data types in System Fw: nested types

We can represent non-regular types like perfect in System Fw:
Perfect = Aai*.Voi*x = x.

(Varx.a — ¢ o) —

(Varx¢ (a x a) = ¢ a) —

¢«
This time the arguments to zeroP and succP are themselves
polymorphic:

zeroP = Aaix. Axia.Aoix = x.
AzVausa — ¢ a. AsVarxd (a X a) = ¢ .
z [al x

succP = Aa:ix.Ap:Perfect (a X a).Apix = x.

AzVaixa — ¢ a. AsVPuxg (BXB) = ¢ 5.
s [al (p [¢] z s)
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Encoding data types in System Fw: Leibniz equality

Recall Leibniz's equality:

consider objects equal if they behave identically in any context

In System Fuw:
Eq = dax A\BuxVoix = xpa— ¢
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Encoding data types in System Fw: Leibniz equality
(continued)

Eq = i ASuxVoix = *xda— ¢ [

Equality is reflexive (A = A):

refl : VaixEqla«
refl = Aaix.Apix = x. Axidp a.x

and symmetric (A= B — B = A):

symm : VauxV3:ixEql a8 — Eql S«
symm = Aa:ix.ASB:x.
Ae:(Voux = xdpa — ¢ fB).e [AMyixEqvyal (refl [al)

and transitive ( A= BAB=C —> A= (C):

trans : VoauxV0:xVyix.Eql af —Eql v — Eql a vy
trans = Aaix.ASux Ay,
Aab:Eqa S.Abc:Eq S v.bc [Eqal ab
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Terms and types from types and terms

term parameters type parameters
building terms  \x: AM Aa::K.M

building types AaK.A
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Terms and types from types and terms

term parameters type parameters
building terms  \x: AM Aa::K.M

building types Tx:A.B KA
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The roadmap again

Fw

/

~n

)\—)
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The lambda cube
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Programming on the left face of the cube

Fw ——AC

/ /

F— — > AP2
)\g H)\PQ
AT —— —= AP

Functional programming Dependently-typed programming
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Next time

r=m:7
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