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Semigroup properties (so far)

AS(S, o) = Vab,ce S, ae(bec)=(aeb)ec
IID(S, o, a) = Vae S, a=aea=aec

ID(S, o) = Jae S, IID(S, o, a)
TAN(S, o, w) = Vae S, w=wea=aew

AN(S, o) = FJwe S, TAN(S, o, w)

CM(S, o) = Va,be S, aeb=>bea

SL(S, o) = Va,be S, aebe{a, b}

[P(S, o) = Vac S, aea=a

IR(S, ) = Vs ,te S ,set=t

IL(S, ) = Vs, teS,set=s

Recall that is right (IR) and is left (IL) are forced on us by wanting an

<-rule for SL((S,e) x (T,0))
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Bisemigroup properties (so far)

AAS(S, ®, ®) = AS(S, @)
AID(S, @, ® = ID(S, @)
ACM(S, ®, ® = CM(S, @)
MAS(S, @, ®) = AS(S, ®)
MID(S, @, ®) = ID(S, ®)
LD(S, &, ® = Va,b,ce S, a® (bdc)=(a®b)d(a®c)
RD(S, @, ® = Va,b,ceS, (a®db)®c=(a®c)® (b®c)
ZA(S, @, ® = 30e S, IID(S, @, 0) A IAN(S, ®, 0)
QA(S, ®, ® = 3I1e S DS, ®, 1) AIAN(S, @, 1)
ASL(S, ®, ® = SL(S, @)
AIP(S, @, ®) = IP(S, @)
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Operations for adding a zero, a one

AddZero(0, (S, @, ®)) = (Sw {0}, @Y, @)

AddOne(1, (S, ®, ®) = (Sw({l}, &=, @)
Recall

i a (if b = inr(«))
aeldp = b (if a = inr(«))

inl(x e y) (if a=inl(x), b = inl(y))
inrf(w)  (if b = inr(w))
ael'b = inrflw) (if a = inr(w))

inl(x e y) (if a=inl(x), b = inl(y))
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We can “inherit” semigroup rules

Examples

ACM(AddZero(0, (S, @, ®))) CM(AddId(0, (S, @)))
CM(S, @)

(Rl

MID(AddZero(0, (S, @, ®))) ID(AddAn(0, (S, ®)))
ID(S, ®)

¢
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Property management for AddZero

“Inherited” rules

AAS(AddZero(0, (S, @, ®))) < AS(S, @)
AID(AddZero(0, (S, @, ®))) < TRUE
ACM(AddZero(0, (S, ®, ®))) =« CM(S, @)
ASL(AddZero(0, (S, @, ®))) < SL(S, ®)
AIP(AddZero(0, (S, @, ®))) < IP(S, @)
MAS(AddZero(0, (S, @, ®))) < AS(S, ®)
MID(AddZero(0, (S, ®, ®))) < ID(S, ®)
Easy Exercises
LD(AddZero(0, (S, @, ®))) < LD(S, @, ®)
RD(AddZero(0, (S, &, ®))) < RD(S, @, ®)
ZA(AddZero(0, (S, ®, ®))) < TRUE
0A(AddZero(0, (S, ®, ®))) < 0A(S, @, ®)
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Easy Exercises?
Consider left distributivity (ILID)

a b c a®" (b@dc) | (a@¥ b) @Y (ag¥ c)
inl(2) | inl(t)) | inl(c') || inl(@ ® (b @ ¢)) | inl((d @ ) ® (4 ® ¢))
inr(0) | inl(®) | inl(c) inr(0) inr(0)
inl(&') | inr(0) | inl(c’) inl(a@ ® ¢) inl(a@ ® ¢)
inl(&') | inl(®’) | inr(0) inl(@ @ b) inl(a@ @ b)
inl(&) | inr(0) | inr(0) inr(0) inr(0)
inr(0) | inr(0) | inr(0) inr(0) inr(0)

v
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However, adding a one is more complicated!
Consider left distributivity (LID)

a b C a®i1_d (b@2" c) (a ®i1_d b) & (a ®i1_d C)

inl(&) | inl(F') | inl(¢’) || inl(d @ (b ® ) | inl((&d @ V) @ (& ®C))

inr(1) | inl(®') | inl(c’) inl(b' ® ¢) inl(b' ® ¢)
inl(&') | inr(1) | inl(c’) inl(a&) inl((d @ (@ ®¢c))
inl(&') | inl(®') | inr(1) inl(&) inl((d@b)® &)
inl(&') | inr(1) | inr(1) inl(&') inl(ad @ &)
inr(1) | inr(1) | inr(7) inr(1) inr(1)

.
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What is this?

a=((a®b)yda

Suppose @ is idempotent and commutative and we let
a< b=a=a®b. We know that

b<c=a®b<a®c

since b=b@dcimpliessa®b=a® (bdc)=(a®b)®(a®c). Thatis
® is order preserving.
Now a = (a® b) @ a is telling us something else, that

a<a®b.

That is, that multiplication is inflationary.
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Absorption

ABsorption properties (name is from lattice theory)

RAB(S, ®, ®) = Vabe S a=(a®b)da=ad(a®kb)
LAB(S, &, ® = VabeS, a=bRada=ad (b®a)
Observations
RAB(S, @, ®) AID(S, @) = IP(S, ®)
LAB(S, @, ®) AID(S, @) = IP(S, ®)
LD(S, @, ®) A OA(S, ®, ®) = RAB(S, @, ®)
RD(S, @, ®) A QOA(S, @, ® = LAB(S, @, ®)
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Rules for absorption? Consider RAB

AddZero

a b (a®¥b)@ra | ady (agy b)

inl(&) | inl(p') || inl((&d @ V)@ a) | inl(d ® (& QY))

inr(0) | inl(b) inr(0) inr(0)

inl(&') | inr(0) inl(a) inl(&)

inr(0) | inr(0) inr(0) inr(0) |
RAB(AddZero(0, (S, ®, ®))) < RAB(S, @, ®)
LAB(AddZero(0, (S, ®, ®))) < LAB(S, @, ®)
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Rules for absorption? Consider RAB

AddOne
a b (ae'b)era | ad (a®Yb)

inl(g) | inl(p) || inl((d ®@b)Da) |inl(d @ (d b))

inr(1) | inl(b') inr(1) inr(1)
inl(&') | inr(1) inl(&) inl(d @ &)
inr(1) | inr(1) inr(1) inr(1)
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Property management for AddOne

“Inherited” rules

®)) < AS(S, @)
®)) < ID(S, @)
®)) < CM(S, @)
®))) < SL(S, @)
®)) < IP(S, @)
®))) < AS(S, ®)
®))) < TRUE
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Property management for AddOne

LD(AddOne(1, (S, @, ®)))
RD(AddOne(1, (S, @, ®)))
(AddOne(I, (S, @, ®)))
OA(AddOne(T, (S, @, ®)))
RAB(AddOne(1, (S, ®, ®)))
LAB(AddOne(1, (S, @, ®)))

0

(R

LD(S, @, ®) A RAB(S, @, ®)
A TP(S, @)

RD(S, ®, ®) A LAB(S, @, ®)
A IP(S, @)

ZA(S, @, ®)

TRUE

RAB(S, ®, ®) A IP(S, @)
LAB(S, @, ®) A IP(S, @)
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We have to start somewhere!

S| @ | ® |0|1|LD|RD|ZA|OA | LAB | RAB
N | min S 0| = * * * *
Nimax| + |0|0]| « * * *
N|max | min |0 * * * * *
N | min | max 0| = * * * *
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Introducing Minimax

minimax = AddZero(co, (N, min, max))

= (Nw{o0}, min, maxa)

Some examples ...

inl(17) min inr(cc) = inl(17)

inl(17) maxa inr(co) = inr(co)

... which we will usually write as

17mincc = 17

17maxoco = o
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Dendrograms

Hagfishes

] Agnathans =22,

Lampreys

Cartilaginous fishes

Ray-finned fishes g™

Gnathostomata Coelacanth N

Lobe-finned fishes

Osteichthyes Lungfish n

E Caecilians
Sarcopterygii Salamanders Amphibians q

Frogs .
Turtles .

— Tuatara
Tetrapoda u

Lizards and snakes Reptiles

Crocodilians

Amniota Birds

Monotremes

Marsupials Mammals :
=

Placentals -

http://www.instituteofcaninebiology.org/

how-to-read-a-dendrogram.html
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An application of Minimax

@ Given an adjacency matrix A over minimax,

@ suppose that A(/, j) =0 < i =/,

@ suppose that A is symmetric (A(i, j) = A(Jj, /),

@ interpret A(/, j) as measured dissimilarity of / and j,
@ interpret A*(i, j) as inferred dissimilarity of / and j,

Many uses
@ Hierarchical clustering of large data sets
@ Classification in Machine Learning
@ Computational phylogenetic
° ..
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A (random) minimax matrix A drawn as a graph
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The solution A* drawn as a dendrogram
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Hierarchical clustering? Why?
Suppose (Y, <, +) is a totally ordered with least element 0.

Metric

A metric for set X over (Y, <, +)is afunction de X x X — Y such
that

o Vx,yeX,dx,y)=0ex=y
o VX,yEX, d(X7 y) = d(y7 X)
@ Vx,y,ze X, d(x, y) <d(x, z) +d(z, y)

Ultrametric

An ultrametric for set X over (Y, <) is a function d € X x X — Y such
that

@ Vxe X, dx, x)=0
® Vx,ye X, d(x, y) =d(y, x)
@ Vx,y,ze X, d(x, y) < d(x, zymaxd(z, y)

o
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Fun Facts

minimax and ultrametrics

If Ais an n x n symmetric minimax adjacency matrix, then A* is a finite
ultrametric for {0, 1, ..., n— 1} over (N, X)).

v

minimax and spanning trees
The set of arcs

{(, )) e E[A(, j) = A*(i, j)}
contain a spanning tree
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A spanning tree derived from A and A*
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Recall

Lexicographic Product of Semigroups
Suppose that

AS(S, @s) A CM(S, @s) A SL(S, @s) » AS(T, ®7).

Let
(Sa (—DS) ; (T7 ®T) = (S X T7 ®S >_<»@T)
where
(S1@®s S, 1 PTh) S1=S@BsS2 =5
(51, ) ®s X DT (S2, b) =1 (51 Ds S, 1) S1 =S1Ds S2 # S

(51 ®s S2, b) S1 # 81 Ds S2 = S

v

tgg22 (cl.cam.ac.uk) : Algebraic Path Problems with applice T.G.Griffin@©2015 24 /36



Lexicographic product for Bi-semigroups

Suppose that
AS(S, ®g) A CM(S, ®Pg) A SL(S, ®s) A AS(T, 7).
Let

(S, ®s, ®s) x (T, ®1, ®7) = (Sx T, ®s X D1, @3 X OT)
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Examples

@ = min X max, ® = + x min

(3,10)® ((17,21) @ (11,4)) = (3,10)® (11,4)
— (14,4)

((3,10)® (17,21)) & ((3,10) ® (11,4)) = (20,10)® (14,4)
= (14,4)

@ = max x min, ® = min x +

3,10)® ((17,21)® (11,4)) = (3,10)® (17,21)
= (8,31)

((3,10)®(17,21))® ((3,10)® (11,4)) = (3,31)@ (3, 14)
= (3,14)
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Distributivity ?
Theorem: If @5 is commutative and selective, then

LD((S, ®s, ®s) X (T, &7, ®7)) =
]L]D)(S, ®s, @S) A L ( , DT, ®T) A (IL(C(S, ®3) \Y, ]LK(T, ®T))

RD((S, @®s, ®s) x (T, @1, ®71)) <
RD(Sa @Sa ®S) A RD(Ta ®T7 ®T) A (R(C(Sa ®S) vV RK(T7 ®T))

Left and Right Cancellative

LC(X, o)
RC(X, o)

Va,b,ce X, cea=ceb=a=>
Va,b,ce X, aec=bec=a=>

Left and Right Constant

LK(X, o)
RK(X, o)

Va,b,ce X, cea=—ceb
Va,b,ce X, aec=DbecC

o
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Why bisemigroups?

But wait! How could any semiring satisfy either of these properties?

LC(X, o)
LK(X, o)

Va,b,ce X, cea=ceb=a=>
Va,b,ce X, cea=ceb

e For LC, note that we always have 0 ® a = 0 ® b, so LC could only
hold when S = {0}.

@ ForLK,leta=1 and b = 0 and LK leads to the conclusion that
every c is equal to 0 (again!).

constructing a semiring. Alternatively, we might want to complicate our

Normally we will add a zero and/or a one as the last step(s) of
properties so that things work for semirings. A design trade-off! }
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Proof of < for LD

Assume

1) ]LD(Sa Ds, ®S)

2) LD(T, &7, ®7)

3) L(C(S, ®S) Y, LK(T, ®T>
(4) IP(S, @s).

Let ® = Ps X @1 and ® = ®g x ®7. Suppose
(81,t1), (S2, ), (S3,13) € Sx T.

We want to show that

lhs = (81, 1) ®((S2, k) D (S3, B3))
((s1, 1) ® (82, ) D ((s1, t) ® (83, 13))
rhs
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Proof of < for LD

We have
lhs = (s1, 1) ®((S2, f2) D (83, 13))
= (81, ) ®(S2®@s S3; tins)
(81 ®s (S2@s S3), t QT lins)
ths = ((81, ) ®(S2, &) D((S1, 1) ® (83, B3))

$1®s S2, 1 T ) D (51 ®s S3, H QT B3)
(81 ®s S2) @s (851 ®s S3), bns)
S1 ®s (S2 Ps S3), )

I
A~ N N

=)

where i, and tys are determined by the appropriate case in the
definition of @. Finally, note that

lhs = rhs < trhs = t1 ® tlhs-
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Proof by cases on s, ®g S3
Case 1: s, =S, Pg S3 = S3. Then ty,s = b D7 f3 and

b @7 ths =t @7 (DT B3) =(2) (t T ©) B7 (H ®T B3).
Since s, = s3 we have s1 ®g $» = S1 ®g S3 and
S1 ®s S2 =(4) (51 ®s S2) s (S1 ®s S3) =(4) S1 Vs S3-

Therefore,
ths = (1 QT ) B (1 T 13) = t QT lins.

Case 2 : so = So @g S3 # S3. Then tys = b and
H Q7 s = b ®71 bo.
Since s> = s, Pg 3 we have

S1 ®s S2 = S1 Qs (S2 Ds S3) =(1) (51 Bs S2) Ds (S1 ®s S3)-
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Case 2.1 51 ®g S» # S1 ®g S3. Then typs = H @7 b = Hf 7T lins.
Case 2.2 51 ®g S» = S1 ®g S3. Then

s = (b @7 L) BT (t ®T B) =(2) h AT (L DT 3)

We need to consider two subcases.

31/36

Case 2.2.1: Assume LC(S, ®g). But 51 ®g Sp = S1 ®g S3 = S» = Sa,

which is a contradiction.
Case 2.2.2 : Assume LK(T, ®7). In this case we know

Va,be X, h®ra=4t®&rb.
Letting a = tL @71 t3 and b = t, we have

ths = QT (b D7) = H QT b =t QT lins.

Case 3 : s5 # So @Dg S3 = S3. Similar to Case 2.
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Other direction, =
Prove this:

—LD(S, ®s, ®s) v —~LD(T, &1, ®7) v (-LC(S, ®s) A ~LK(T, ®7))
= _'LD((S7 @37 ®S) X (Ta EBT; ®T)>

Case 1: —LLID(S, ®s, ®g). That is
Ja,b,ce S, a®s (b@s c) # (a®s b) Ps (a®s C).

Pick any t € T. Then for some t;, kb, t3 € T we have

(a He (b, H)d(c, 1)
(a7 t) (bEBSC t1)
(a,®s(b®sc), b)
(a®sb) ®s (a®s c), B)
(a

(

[N

®s b, tRTH D (a®scC, tRT )
(a )@ (b )@ ((a H)®(c, 1))

Case 2: —LID(T, &7, ®7). Similar.
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Case 3: (—LC(S, ®g) A —LK(T, ®7)). Thatis

da,b,ce S, c®sa=cQRsbra#b

and
IX,y,ze T, ZRQT X #ZRT Y.

Since @g is selective and a # b, we have a= a®g bor b= a®gb.
Assume without loss of generality that a = a®g b # b.
Suppose that t;,t,t3 € T. Then

lhs = (¢, H)®((a b)® (b, t3))
<07 t1)®(a7 t2)
(c®s a, t 7 b)

rhs

((07 t1) X (a7 t2)) @ ((C’ t1) X <b7 t3))
(c®sa, tHRTh)® (cRs b, t T l3)
= (c®sa, (htTh)®T (T 1l))
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Our job now is to select 11, &, 3 so that
fns =t @7 b # (b @ t) BT (b T 13) = bns-
We don’t have very much to work with! Only
IX, ¥y, ze T, ZRQT X # ZRT Y.

In addition, we can assume LD(T, &7, ®71) (otherwise, use Case 2!),
o)

ths = 1 Q1 (L BT 13).
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We need to select 1y, b, {3 so that

fhs = @7 b # 1 Q1 (b DT 13) = b

Case 3.1: z®7x =zQ®71 (XD y). Thenletting t; = z, &, = y, and
3 = x we have

hs =ZQRTY #ZQRQTX=ZQT (XPDTY) = bis.

Case 3.2: z®7y =zQ®71 (X®r y). Thenletting t; = z, &, = x, and
3 = y we have

s =ZQRTX#ZRTY =ZQRT (XBTY) = bs-

Case 3.3: zQT X # ZRT (X®PTY) # ZQ®T y. Then letting t; = z,
I = x, and f3 = y we have

tlhs =ZQRTX #ZQT (X@Ty) = trhs-
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