
L11: Algebraic Path Problems

with applications to Internet Routing

Lectures 5 and 6

Timothy G. Griffin

timothy.griffin@cl.cam.ac.uk

Computer Laboratory
University of Cambridge, UK

Michaelmas Term, 2016

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet Routing Lectures 5 and 6T.G.Griffin c©2015 1 / 36

Semigroup properties (so far)

ASpS, ‚q ” @a, b, c P S, a ‚ pb ‚ cq “ pa ‚ bq ‚ c

IIDpS, ‚, αq ” @a P S, a “ α ‚ a “ a ‚ α
IDpS, ‚q ” Dα P S, IIDpS, ‚, αq

IANpS, ‚, ωq ” @a P S, ω “ ω ‚ a “ a ‚ ω
ANpS, ‚q ” Dω P S, IANpS, ‚, ωq
CMpS, ‚q ” @a, b P S, a ‚ b “ b ‚ a

SLpS, ‚q ” @a, b P S, a ‚ b P ta, bu
IPpS, ‚q ” @a P S, a ‚ a “ a

IRpS, ‚q ” @s, t P S, s ‚ t “ t

ILpS, ‚q ” @s, t P S, s ‚ t “ s

Recall that is right (IR) and is left (IL) are forced on us by wanting an

ô-rule for SLppS, ‚q ˆ pT , ˛qq
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Bisemigroup properties (so far)

AASpS, ‘, bq ” ASpS, ‘q
AIDpS, ‘, bq ” IDpS, ‘q

ACMpS, ‘, bq ” CMpS, ‘q
MASpS, ‘, bq ” ASpS, bq
MIDpS, ‘, bq ” IDpS, bq
LDpS, ‘, bq ” @a, b, c P S, ab pb ‘ cq “ pab bq ‘ pab cq
RDpS, ‘, bq ” @a, b, c P S, pa‘ bq b c “ pab cq ‘ pb b cq

ZApS, ‘, bq ” D0 P S, IIDpS, ‘, 0q ^ IANpS, b, 0q

OApS, ‘, bq ” D1 P S, IIDpS, b, 1q ^ IANpS, ‘, 1q
ASLpS, ‘, bq ” SLpS, ‘q
AIPpS, ‘, bq ” IPpS, ‘q
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Operations for adding a zero, a one

AddZerop0, pS, ‘, bqq ” pS Z t0u, ‘id

0
, ban

0
q

AddOnep1, pS, ‘, bqq ” pS Z t1u, ‘an

1
, bid

1
q

Recall

a ‚id
α

b ”

$

&

%

a (if b “ inrpαq)
b (if a “ inrpαq)

inlpx ‚ yq (if a “ inlpxq, b “ inlpyq)

a ‚an
ω

b ”

$

&

%

inrpωq (if b “ inrpωq)
inrpωq (if a “ inrpωq)

inlpx ‚ yq (if a “ inlpxq, b “ inlpyq)
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We can “inherit” semigroup rules

Examples

ACMpAddZerop0, pS, ‘, bqqq ” CMpAddIdp0, pS, ‘qqq
ô CMpS, ‘q

MIDpAddZerop0, pS, ‘, bqqq ” IDpAddAnp0, pS, bqqq
ô IDpS, bq
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Property management for AddZero

“Inherited” rules

AASpAddZerop0, pS, ‘, bqqq ô ASpS, ‘q

AIDpAddZerop0, pS, ‘, bqqq ô TRUE

ACMpAddZerop0, pS, ‘, bqqq ô CMpS, ‘q

ASLpAddZerop0, pS, ‘, bqqq ô SLpS, ‘q

AIPpAddZerop0, pS, ‘, bqqq ô IPpS, ‘q

MASpAddZerop0, pS, ‘, bqqq ô ASpS, bq

MIDpAddZerop0, pS, ‘, bqqq ô IDpS, bq

Easy Exercises

LDpAddZerop0, pS, ‘, bqqq ô LDpS, ‘, bq

RDpAddZerop0, pS, ‘, bqqq ô RDpS, ‘, bq

ZApAddZerop0, pS, ‘, bqqq ô TRUE

OApAddZerop0, pS, ‘, bqqq ô OApS, ‘, bq
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Easy Exercises?

Consider left distributivity (LD)

a b c aban

0
pb ‘id

0
cq paban

0
bq ‘id

0
paban

0
cq

inlpa1q inlpb1q inlpc1q inlpa1 b pb1 ‘ c1qq inlppa1 b b1q ‘ pa1 b c1qq

inrp0q inlpb1q inlpc1q inrp0q inrp0q

inlpa1q inrp0q inlpc1q inlpa1 ‘ c1q inlpa1 ‘ c1q

inlpa1q inlpb1q inrp0q inlpa1 ‘ b1q inlpa1 ‘ b1q

inlpa1q inrp0q inrp0q inrp0q inrp0q

inrp0q inrp0q inrp0q inrp0q inrp0q
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However, adding a one is more complicated!

Consider left distributivity (LD)

a b c abid

1
pb ‘an

1
cq pabid

1
bq ‘an

1
pabid

1
cq

inlpa1q inlpb1q inlpc1q inlpa1 b pb1 ‘ c1qq inlppa1 b b1q ‘ pa1 b c1qq

inrp1q inlpb1q inlpc1q inlpb1 ‘ c1q inlpb1 ‘ c1q

inlpa1q inrp1q inlpc1q inlpa1q inlppa1 ‘ pa1 b c1qq

inlpa1q inlpb1q inrp1q inlpa1q inlppa1 b b1q ‘ a1q

inlpa1q inrp1q inrp1q inlpa1q inlpa1 ‘ a1q

inrp1q inrp1q inrp1q inrp1q inrp1q

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet Routing Lectures 5 and 6T.G.Griffin c©2015 8 / 36



What is this?

a “ pa b bq ‘ a

Suppose ‘ is idempotent and commutative and we let

a ď b ” a “ a‘ b. We know that

b ď c ñ ab b ď ab c

since b “ b‘ c implies ab b “ ab pb‘ cq “ pab bq ‘ pab cq. That is

b is order preserving.

Now a “ pab bq ‘ a is telling us something else, that

a ď ab b.

That is, that multiplication is inflationary.
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Absorption

ABsorption properties (name is from lattice theory)

RABpS, ‘, bq ” @a, b P S, a “ pab bq ‘ a “ a‘ pab bq
LABpS, ‘, bq ” @a, b P S, a “ pb b aq ‘ a “ a‘ pb b aq

Observations

RABpS, ‘, bq ^ IDpS, ‘q ñ IPpS, bq
LABpS, ‘, bq ^ IDpS, ‘q ñ IPpS, bq

LDpS, ‘, bq ^OApS, ‘, bq ñ RABpS, ‘, bq
RDpS, ‘, bq ^OApS, ‘, bq ñ LABpS, ‘, bq
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Rules for absorption? Consider RAB

AddZero

a b paban

0
bq ‘id

0
a a‘id

0
paban

0
bq

inlpa1q inlpb1q inlppa1 b b1q ‘ aq inlpa1 ‘ pa1 b b1qq

inrp0q inlpb1q inrp0q inrp0q

inlpa1q inrp0q inlpa1q inlpa1q

inrp0q inrp0q inrp0q inrp0q

RABpAddZerop0, pS, ‘, bqqq ô RABpS, ‘, bq

LABpAddZerop0, pS, ‘, bqqq ô LABpS, ‘, bq
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Rules for absorption? Consider RAB

AddOne

a b pabid

1
bq ‘an

1
a a‘an

1
pabid

1
bq

inlpa1q inlpb1q inlppa1 b b1q ‘ aq inlpa1 ‘ pa1 b b1qq

inrp1q inlpb1q inrp1q inrp1q

inlpa1q inrp1q inlpa1q inlpa1 ‘ a1q

inrp1q inrp1q inrp1q inrp1q
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Property management for AddOne

“Inherited” rules

AASpAddOnep1, pS, ‘, bqqq ô ASpS, ‘q

AIDpAddOnep1, pS, ‘, bqqq ô IDpS, ‘q

ACMpAddOnep1, pS, ‘, bqqq ô CMpS, ‘q

ASLpAddOnep1, pS, ‘, bqqq ô SLpS, ‘q

AIPpAddOnep1, pS, ‘, bqqq ô IPpS, ‘q

MASpAddOnep1, pS, ‘, bqqq ô ASpS, bq

MIDpAddOnep1, pS, ‘, bqqq ô TRUE
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Property management for AddOne

LDpAddOnep1, pS, ‘, bqqq ô LDpS, ‘, bq ^ RABpS, ‘, bq
^ IPpS, ‘q

RDpAddOnep1, pS, ‘, bqqq ô RDpS, ‘, bq ^ LABpS, ‘, bq
^ IPpS, ‘q

ZApAddOnep1, pS, ‘, bqqq ô ZApS, ‘, bq

OApAddOnep1, pS, ‘, bqqq ô TRUE

RABpAddOnep1, pS, ‘, bqqq ô RABpS, ‘, bq ^ IPpS, ‘q

LABpAddOnep1, pS, ‘, bqqq ô LABpS, ‘, bq ^ IPpS, ‘q
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We have to start somewhere!

S ‘ b 0 1 LD RD ZA OA LAB RAB

N min ` 0 ‹ ‹ ‹ ‹ ‹

N max ` 0 0 ‹ ‹ ‹ ‹

N max min 0 ‹ ‹ ‹ ‹ ‹

N min max 0 ‹ ‹ ‹ ‹ ‹
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Introducing Minimax

minimax ” AddZerop8, pN, min, maxqq

“ pNZ t8u, minid

8, maxan

8q

Some examples ...

inlp17q minid

8 inrp8q “ inlp17q

inlp17q maxan

8 inrp8q “ inrp8q

... which we will usually write as

17 min8 “ 17

17 max8 “ 8
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An application of Minimax

Given an adjacency matrix A over minimax,

suppose that Api , jq “ 0 ô i “ j ,

suppose that A is symmetric (Api , jq “ Apj , iq,

interpret Api , jq as measured dissimilarity of i and j ,

interpret A˚pi , jq as inferred dissimilarity of i and j ,

Many uses

Hierarchical clustering of large data sets

Classification in Machine Learning

Computational phylogenetic

...
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A (random) minimax matrix A drawn as a graph
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The solution A˚ drawn as a dendrogram
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Hierarchical clustering? Why?
Suppose pY , ď, `q is a totally ordered with least element 0.

Metric

A metric for set X over pY , ď, `q is a function d P X ˆ X Ñ Y such

that

@x , y P X , dpx , yq “ 0 ô x “ y

@x , y P X , dpx , yq “ dpy , xq

@x , y , z P X , dpx , yq ď dpx , zq ` dpz, yq

Ultrametric

An ultrametric for set X over pY , ďq is a function d P X ˆ X Ñ Y such

that

@x P X , dpx , xq “ 0

@x , y P X , dpx , yq “ dpy , xq

@x , y , z P X , dpx , yq ď dpx , zqmax dpz, yq
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Fun Facts

minimax and ultrametrics

If A is an n ˆ n symmetric minimax adjacency matrix, then A˚ is a finite

ultrametric for t0, 1, . . . , n ´ 1u over pN8, ďqq.

minimax and spanning trees

The set of arcs

tpi , jq P E | Api , jq “ A˚pi , jqu

contain a spanning tree
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A spanning tree derived from A and A˚
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Recall

Lexicographic Product of Semigroups

Suppose that

ASpS, ‘Sq ^ CMpS, ‘Sq ^ SLpS, ‘Sq ^ ASpT , ‘T q.

Let

pS, ‘Sq ~̂ pT , ‘T q ” pS ˆ T , ‘S ~̂ ‘T q

where

ps1, t1q ‘S ~̂ ‘T ps2, t2q ”

$

’

&

’

%

ps1 ‘S s2, t1 ‘T t2q s1 “ s1 ‘S s2 “ s2

ps1 ‘S s2, t1q s1 “ s1 ‘S s2 ‰ s2

ps1 ‘S s2, t2q s1 ‰ s1 ‘S s2 “ s2
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Lexicographic product for Bi-semigroups

Suppose that

ASpS, ‘Sq ^ CMpS, ‘Sq ^ SLpS, ‘Sq ^ ASpT , ‘T q.

Let

pS, ‘S, bSq ~̂ pT , ‘T , bT q ” pS ˆ T , ‘S ~̂ ‘T , bS ˆbT q
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Examples

‘ “ min ~̂ max, b “ ` ˆ min

p3, 10q b pp17, 21q ‘ p11, 4qq “ p3, 10q b p11, 4q
“ p14, 4q

pp3, 10q b p17, 21qq ‘ pp3, 10q b p11, 4qq “ p20, 10q ‘ p14, 4q
“ p14, 4q

‘ “ max ~̂ min, b “ min ˆ`

p3, 10q b pp17, 21q ‘ p11, 4qq “ p3, 10q b p17, 21q
“ p3, 31q

pp3, 10q b p17, 21qq ‘ pp3, 10q b p11, 4qq “ p3, 31q ‘ p3, 14q
“ p3, 14q
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Distributivity?

Theorem: If ‘S is commutative and selective, then

LDppS, ‘S, bSq ~̂ pT , ‘T , bT qq ô
LDpS, ‘S, bSq ^ LDpT , ‘T , bT q ^ pLCpS, bSq _ LKpT , bT qq

RDppS, ‘S, bSq ~̂ pT , ‘T , bT qq ô
RDpS, ‘S, bSq ^ RDpT , ‘T , bT q ^ pRCpS, bSq _ RKpT , bT qq

Left and Right Cancellative

LCpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b ñ a “ b

RCpX , ‚q ” @a, b, c P X , a ‚ c “ b ‚ c ñ a “ b

Left and Right Constant

LKpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b

RKpX , ‚q ” @a, b, c P X , a ‚ c “ b ‚ c

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet Routing Lectures 5 and 6T.G.Griffin c©2015 27 / 36

Why bisemigroups?

But wait! How could any semiring satisfy either of these properties?

LCpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b ñ a “ b

LKpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b

For LC, note that we always have 0b a “ 0b b, so LC could only

hold when S “ t0u.

For LK, let a “ 1 and b “ 0 and LK leads to the conclusion that

every c is equal to 0 (again!).

Normally we will add a zero and/or a one as the last step(s) of

constructing a semiring. Alternatively, we might want to complicate our

properties so that things work for semirings. A design trade-off!
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Proof of ð for LD

Assume
p1q LDpS, ‘S, bSq
p2q LDpT , ‘T , bT q
p3q LCpS, bSq _ LKpT , bT q
p4q IPpS, ‘Sq.

Let ‘ ” ‘S ~̂ ‘T and b ” bS ˆbT . Suppose

ps1, t1q, ps2, t2q, ps3, t3q P S ˆ T .

We want to show that

lhs ” ps1, t1q b pps2, t2q ‘ ps3, t3qq
“ pps1, t1q b ps2, t2qq ‘ pps1, t1q b ps3, t3qq
” rhs
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Proof of ð for LD

We have

lhs ” ps1, t1q b pps2, t2q ‘ ps3, t3qq
“ ps1, t1q b ps2 ‘S s3, tlhsq
“ ps1 bS ps2 ‘S s3q, t1 bT tlhsq

rhs ” pps1, t1q b ps2, t2qq ‘ pps1, t1q b ps3, t3qq
“ ps1 bS s2, t1 bT t2q ‘ ps1 bS s3, t1 bT t3q
“ pps1 bS s2q ‘S ps1 bS s3q, trhsq
“p1q ps1 bS ps2 ‘S s3q, trhsq

where tlhs and trhs are determined by the appropriate case in the

definition of ‘. Finally, note that

lhs “ rhs ô trhs “ t1 b tlhs.
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Proof by cases on s2 ‘S s3

Case 1 : s2 “ s2 ‘S s3 “ s3. Then tlhs “ t2 ‘T t3 and

t1 bT tlhs “ t1 bT pt2 ‘T t3q “p2q pt1 bT t2q ‘T pt1 bT t3q.

Since s2 “ s3 we have s1 bS s2 “ s1 bS s3 and

s1 bS s2 “p4q ps1 bS s2q ‘S ps1 bS s3q “p4q s1 bS s3.

Therefore,

trhs “ pt1 bT t2q ‘ pt1 bT t3q “ t1 bT tlhs.

Case 2 : s2 “ s2 ‘S s3 ‰ s3. Then tlhs “ t2 and

t1 bT tlhs “ t1 bT t2.

Since s2 “ s2 ‘S s3 we have

s1 bS s2 “ s1 bS ps2 ‘S s3q “p1q ps1 bS s2q ‘S ps1 bS s3q.
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Case 2.1 s1 bS s2 ‰ s1 bS s3. Then trhs “ t1 bT t2 “ t1 bT tlhs.

Case 2.2 s1 bS s2 “ s1 bS s3. Then

trhs “ pt1 bT t2q ‘T pt1 bT t3q “p2q t1 bT pt2 ‘T t3q

We need to consider two subcases.

Case 2.2.1: Assume LCpS, bSq. But s1 bS s2 “ s1 bS s3 ñ s2 “ s3,

which is a contradiction.

Case 2.2.2 : Assume LKpT , bT q. In this case we know

@a, b P X , t1 bT a “ t1 bT b.

Letting a “ t2 ‘T t3 and b “ t2 we have

trhs “ t1 bT pt2 ‘T t3q “ t1 bT t2 “ t1 bT tlhs.

Case 3 : s2 ‰ s2 ‘S s3 “ s3. Similar to Case 2.
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Other direction, ñ
Prove this:

 LDpS, ‘S, bSq _  LDpT , ‘T , bT q _ p LCpS, bSq ^  LKpT , bT qq
ñ  LDppS, ‘S, bSq ~̂ pT , ‘T , bT qq.

Case 1:  LDpS, ‘S, bSq. That is

Da, b, c P S, abS pb ‘S cq ‰ pabS bq ‘S pabS cq.

Pick any t P T . Then for some t1, t2, t3 P T we have

pa, tq b ppb, tq ‘ pc, tqq
“ pa, tq b pb ‘S c, t1q
“ pa,bSpb ‘S cq, t2q
‰ ppabS bq ‘S pabS cq, t3q
“ pabS b, t bT tq ‘ pabS c, t bT tq
“ ppa, tq b pb, tqq ‘ ppa, tq b pc, tqq

Case 2:  LDpT , ‘T , bT q. Similar.
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Case 3: p LCpS, bSq ^  LKpT , bT qq. That is

Da, b, c P S, c bS a “ c bS b ^ a ‰ b

and

Dx , y , z P T , z bT x ‰ z bT y .

Since ‘S is selective and a ‰ b, we have a “ a‘S b or b “ a‘S b.

Assume without loss of generality that a “ a‘S b ‰ b.

Suppose that t1, t2, t3 P T . Then

lhs ” pc, t1q b ppa, t2q ‘ pb, t3qq
“ pc, t1q b pa, t2q
“ pc bS a, t1 bT t2q

rhs ” ppc, t1q b pa, t2qq ‘ ppc, t1q b pb, t3qq
“ pc bS a, t1 bT t2q ‘ pc bS b, t1 bT t3q
“ pc bS a, pt1 bT t2q ‘T pt1 bT t3qq
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Our job now is to select t1, t2, t3 so that

tlhs ” t1 bT t2 ‰ pt1 bT t2q ‘T pt1 bT t3q ” trhs.

We don’t have very much to work with! Only

Dx , y , z P T , z bT x ‰ z bT y .

In addition, we can assume LDpT , ‘T , bT q (otherwise, use Case 2!),

so

trhs “ t1 bT pt2 ‘T t3q.
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We need to select t1, t2, t3 so that

tlhs ” t1 bT t2 ‰ t1 bT pt2 ‘T t3q ” trhs.

Case 3.1: z bT x “ z bT px ‘T yq. Then letting t1 “ z, t2 “ y , and

t3 “ x we have

tlhs “ z bT y ‰ z bT x “ z bT px ‘T yq “ trhs.

Case 3.2: z bT y “ z bT px ‘T yq. Then letting t1 “ z, t2 “ x , and

t3 “ y we have

tlhs “ z bT x ‰ z bT y “ z bT px ‘T yq “ trhs.

Case 3.3: z bT x ‰ z bT px ‘T yq ‰ z bT y . Then letting t1 “ z,

t2 “ x , and t3 “ y we have

tlhs “ z bT x ‰ z bT px ‘T yq “ trhs.
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