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Solving (some) equations

Theorem 6.1
If A is g-stable, then A* solves the equations

L=AL&®I
and
R=RA®L J
For example, to show L = A* solves the first equation:
A* = AW@
=  Alg+1)

AT AT ... A2 API
AATDAT"@.. AR DI
AA@ I
AA* Dl

Note that if we replace the assumption “A is g-stable” with “A* exists,’
then we require that ® distributes over infinite sums.
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A more general result

Theorem Left-Right
If A is g-stable, then L = A*B solves the equation

L=AL®B
and R = BA* solves
R=RA®B. ]
For the first equation:
A*B = AW@B
= Al@+1)B

(AT oA ... oA ADIB
(AT OAD..oA°DA)BDB
AADAT"@®.. 9AQ)BDB
AA9B)®B

— A(A*B)@B
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The “best” solution

If A is g-stable and g < k, then
Suppose Y is a matrix such that

Y = AkY @ A*
Y=AY®I
L pAx*
Y - Avol Yds A
= A'Y@AO and if @ is idempotent, then
= A((AYa®l) al Lo
= A’Yp Aol Y<gA |
A2Y o AV
_ _@ So A* is the largest solution. What

oot does this mean in terms of the sp
= ATYgAK semiring?
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Example with zero weighted cycles using sp semiring
A* (= A@lin this case) solves

/ _
10 / X=XA®l

But so does this (dishonest) matrix!

0 0 0o 1 2
0 0 9 9
10 F = 1 o 0 0
\ 21 oo 0O
For example :
0 1 2
ol oo 10 10 (FA®1)(0,1)
A = 1| o o 0 = min F(0,q) +A(q,1)
5 o 0 0 ge{0,1,2}
= min(0+ 10,9+ 00,9+ 0)
= 9
= F<O’1)
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Recall our basic iterative algorithm

AD = |
Ak = AAO @

A closer look ...
AYHL () = 10, @@A (i, u) A% (u, j)
= //@@ (i, ) A (u, j)
(i, u)eE

v

This is the basis of distributed Bellman-Ford algorithms (as in RIP and
BGP) — a node i computes routes to a destination j by applying its link
weights to the routes learned from its immediate neighbors. It then
makes these routes available to its neighbors and the process
continues...
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What if we start iteration in an arbitrary state M?

In a distributed environment the topology (captured here by A) can
change and the state of the computation can start in an arbitrary state
(with respect to a new A).

0
<f‘+§’%i o (K
AU~ AR @

Theorem

For 1 < &,
A = AM@ Ak

If A is g-stable and g < k, then

ALY — AKM @ A*
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RIP-like example — counting to convergence (1)

AN A

1 1 1 1 1
Adjacency matrix A+ Adjacency matrix Ao
o 1 2 3 o 1 2 3
0 oo 1 1 o 0 oo 1 1 o
1 1 o 1 1 1 1 o 1 o
2 1 1 o 10 2 1 1 oo 10
3| o 1 10 o 3| o o 10 o

See RFC 1058.
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RIP-like example — counting to convergence (2)

AN A
@/1®10\@@/1®10—@

The solution A} The solution A3

0 1 2 3 o 1 2 3
o[ 0 1 1 2 o[ 0 1 1 11
1110 1 1 1] 1 0 1 1
21 1 0 2 2( 1 1 0 10
32120 311 11 10 O
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RIP-like example — counting to convergence (3)

The scenario: we arrived at A, but then links {(1,3), (3,1)} fail. So
we start iterating using the new matrix A,.

Let Bk represent Agﬁ,’lo, where M = A7.
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RIP-like example — counting to convergence (4)

11 10

11

11 10
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11 10
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11 10

11
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RIP-like example — counting to convergence (5)
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RIP-like example — counting to infinity (1)

AN A

1 1 1 1 1
0 F® @
The solution A} The solution A3
0 1 2 3 o0 1 2 3
0 o1 1 2 0 0O 1 1 o
1 1 0 1 1 1 1 0 1 o
2 1 1 0 2 2 1 1 0 w
3 2 1 2 0 3 o oo oo 0
Now let By represent A3§,',‘>, where M = A7.
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RIP-like example — counting to infinity (2)
0 1 2 3
o[0 1 12 o 1 2 3
Bp — |1 911 o[ 0 1 1 377
2 1 1 0 2
> 1 50 B _ 1|1 0 1377
L 3% = o1 1 1 0 377
o 1 2 3
~ _ 3| o o o 0
o[ 0 1 1 2 _
1 1 0 1 3
Bi = 11 1 0 2 o 1 2 3
3 o oo oo 0 0 O 1 1 999
- 0 1 P 3 - B o 1 1 0 1 999
ol o 1 1 37 998 T 1 1 0 999
B 1] 1 0 1 3 3L © o w 0
27 211 1 0 3 :
3] ® o o 0 |
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RIP-like example — What’s going on?

Recall
Ay’ (i, j) = ARMI(i, j) @ A* (i, j)

@ A*(i, j) may be arrived at very quickly

@ but AKM(/, j) may be better until a very large value of k is reached
(counting to convergence)

@ or it may always be better (counting to infinity).

Solutions?
@ RIP: 0 =16

@ In the next lecture we will explore various ways of adding paths to
metrics and eliminating those paths with loops ....
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