Theorem 134 For every set A,

EqRel(A) = Part(A) .
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Calculus of bijections

» A=A, A=B = B=A , (A=ZBAB=C) = A=C
» IfA=Xand B = Y then
PA)=P(X) , AxB=XXY , AWB=XWY ,
Rel(A,B) = Rel(X,Y) , (A=B)=(X=Y) ,
(A=B)=(X=Y) , BijA,B) =Bij(X,Y)
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.Crb
A=l xA , ) x C=2ZAx(BxC), AxB=ZBxA

OJWAZ=A, (AAWB)JWCZAWMBWC) , AUB=ZBWA

[O]XAE[O],( (A x C) (B x C)

(A=) =0, (BxC)) (A= B)x (A= C)
([O::>A)%:1j [(EAUB = (A= C)x (B=C) X
M=A)=A ((A><B :(A:>(B:>C))'
(AﬂB):(A;x( s 1)) (

PA) = (A = [2) A
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Characteristic (or indicator) functions
PA)Z (A =2]) ~— wao.

@’4@&) = [en)- borlese maffia.
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Finite cardinality

Definition 136 A set A is said to be finite whenever A = [n] for
somen € N, in which case we write #+A = n.
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Theorem 137 For all m,n € N,

1. P([n]) = [2"]
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Infinity axiom

There is an infinite set, containing () and closed under successor.
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Bijections
Proposition 138 For a function f : A — B, the following are

equivalent.

1. f Is bijective.

2. VbeB.dlac A.f(a) =b. MWM SulJeclio

3. (Vb eB.Ja € A.f(a) =b) .
A [\/ t/t‘:agw@

(V a;,a; € A.fla;) =flay) = a1 = az)
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Surjections

Definition 139 A function f : A — B is said to be surjective, or a
surjection, and indicated f : A — B whenever

VbeB.dae A.f(a) =D

L coctis o ccolamedn
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Theorem 140 The identity function is a surjection, and the
composition of surfections yields a surjection.

The set of surjections from A to B is denoted
Sur(A, B)
and we thus have

Bij(A,B) € Sur(A,B) € Fun(A,B) € PFun(A,B) C Rel(A,B) .
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Enumerability

Definition 142

@ﬂk 1. A set A is said to be enumerable whenever there exists a
,// surjection N — A, referred to as an enumeration.

2. A countable set is one that is either empty or enumerable.
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Examples: /N —%BZ

1. A bijective enumeration of Z.




N = Nrpd €] >Lor)

e ()= @.(0)

2. A bijective enumeration of N x N. e'(l) - é_! ')
[owena ¢B1=(0,2)
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Proposition 143 Every non-empty subset of an enumerable set is

enumerable. /)\,/ Nz 55 A

PROOF: 0/ S




Countability

Proposition 144
1. N, Z, Q are countable sets.
2. The product and disjoint union of countable sets is countable.
3. Every finite set is countable.

4. Every subset of a countable set is countable.
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Axiom of choice

Every surjection has a section.
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Injections

Definition 145 A function f : A — B is said to be injective, or an
Injection, and indicated f : A — B whenever

Va,a € A (fla)) = flay)) = a1 =,
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Theorem 146 The identity function is an injection, and the compo-
sition of injections yields an injection.

The set of injections from A to B is denoted

Inj(A,B)
and we thus have

Sur(A, B)

¢ &

Z

Bij(A, B) Fun(A,B) € PFun(A,B) C Rel(A,B)

S
A &

Inj(A, B)

with

Bij(A,B) = Sur(A,B)NInj(A,B)
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Relational images

Definition 150 LetR: A —+— B be a relation.

» Thedirectimage of X C A under R is the set?(X) C B, defined
as

R(X) = {beB|3xecX.xRb} .

NB This construction yields a function ? : P(A) — P(B).
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. . . —
» Theinverse image of Y C B underR is the set R(Y) C A,

defined as

R(Y) = {ac€A|VbeB.aRb = beY)

NB This construction yields a function R : P(B) — P(A).
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Replacement axiom

The direct image of every definable functional property
on a set is a set.
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Set-indexed constructions

For every mapping associating a set A; to each element of a set I,
we have the set

U At = U{Ailiel} = {alJielacA} .
Examples:

1. Indexed disjoint unions:
L"jiel Ay = Uiel 1} x A4

2. Finite sequences on a set A:

AY = e A"
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Unbounded cardinality

Theorem 156 (Cantor’s diagonalisation argument) For every
set A, no surjection from A to P(A) exists.

PROOF:
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Foundation axiom

The membership relation is well-founded.

Thereby, providing a

Principle of e-Induction .
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