Relational extensionality
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Relational composition
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Theorem 102 Relational composition is associative and has the
identity relation as neutral element.

B3
» Associativity. 80@(/
ForallR:A—+—B,S:B—+—C,andT:C—+—D,

(ToS)oR = To(SoR) A“"HD

BR—t>¢ A —EC
» Neutral element. 5

For allR : A —+ B,

Roidy = R = idgoR . g‘l”‘h mw*?w;
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Relations and matrices

Definition 103

1. For positive integers m andn, an (m x n)-matrix M over a
semiring (S,0,®,1,®) is given by entries M, ; € S for all

0<i<mandl<j<nmn. .
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Theorem 104 Matrix multiplication is associative and has the
identity matrix as neutral element.
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Relations from [m] to [n] and (m x n)-matrices over Booleans
provide two alternative views of the same structure.

This carries over to identities and to composition/multiplication .
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Directed graphs
RoRo R PPN

Definition 108 A directed graph (A, R) consists of a set A and a
relation R on A (i.e. a relation from A to A). K A S A-

R.C AxA
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Corollary 110 For every set A, the structure é. @ o ﬂ)b

(Rel(A), ida ,o0 )
is a monoid. Eﬂ &(Qon/) b& --. 7

Definition 111 ForR € Rel(A) andn € N, we let

R™ = Ro---oR € Rel(A)

N

n times

be defined asid, forn =0, andasRoR°™ forn =m + 1.
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Paths

Proposition 113 Let (A, R) be a directed graph. For alln € N and
s,t € A, s R t Iff there exists a path of length . in R with source s
and target t.

proor: BY) Ik 0

Baw. Ao (v =0) S RO@JFZ»—? 9{2; ‘4/0“%7“0
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Definition 114 ForR € Rel(A), let

R* = J{R™e€Rel(A) [ neN} = |,y R

neN

Corollary 115 Let (A, R) be a directed graph. For all s,t € A,
s R°* t iff there exists a path with source s and targett in R.
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