Denotational semantics of PCF terms, IV

I'Ffax:7.M|(p)

LN e [7]. [Tz — 7] - M](p[z — d)) (¢ dom(T)

NB: p|x — d| € [['|x — 7]] is the function mapping x to d € [7]
and otherwise acting like p.

81



¥) ff DxDy =D  conl
A \N cladn
I :qu = (D2?D) oot

£ () = XA (4, 4)

c4l L Tt f )
) a0 Y Fuwe J' 1) vt

fooe, NS s1ded) (44



)\

o f powts b
;Q\LL_LAM) 2, Fen
J%W. P (Upae) (A1 = <Um / @M> ¢
V4
\
7£ CUM‘M /ﬂ(> Lln (,/;B @”) @”)
//

/ LMQ\ pvst N}\\ L, 70(0(4A/a€>



Denotational semantics of PCF terms, V

def

[I' = fix(M)](p) = fix([I' = M](p))

Recall that fix is the function assigning least fixed points to continuous
functions.
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Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M]:[T] — [7]

is a well-defined continous function.
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Denotations of closed terms

For a closed term M € PCF -, we get

[0+ M] :[0] = [7]

and, since [0] = { L }, we have

[M] = [0F M](L) € [7]

(M € PCF,)
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Compositionality

Proposition. For all typing judgements ' = M : T and
'+ M’ : 7, and all contexts C[—| such thatT" = C[M] : 1’
andl" = C[M'] : 7/,

if [[FM]=[CFMY]:[C]—[7]

then [I"+C[M]]| = [I"+C[M]] : [I'] — []
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Proposition. For all closed terms M,V € PCF, er(l/) (%%[[M /1])
if M.V then [M] =1[V]e[r] .~
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Substitution property

Proposition. Suppose that1' = M : 7 and that
Clzw— 7] M'": 7/, sothat we also have I' = M'[M /x| : 7'

Then,
[T+ M[M/=]] (p)
= [Tz — 7] - M| (p|z — [T+ M]])

forall p € [I].

In particular when I' = 0, [{x — 7) & M'] : [r] — [7'] and
|M'[M/z]| = [(z— 1) = M]([M])
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Topic 7

Relating Denotational and Operational Semantics
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value

M} =1V]el] =— M{,V.

NB. Adequacy does not hold at function types:
fnz:7.(hy:7.y)x] = [Mmax:7.2] :|7]—|7]

but
fnx:7.(hy:7y)x }f._. a7
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l‘Adequ:c proof idea l/ M(le’\/ll = M\”/T

E——

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms. Mc"»

» Consider M to be M, Mg ﬁx (M. ":]LM

o M=M,M
e s L

M, v
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy. 7. o 0{(‘51 [

(e

This statement roughly takes the form: wM,(v:
[M] <, M for all types T and all M € PCF;
where the formal approximation relations b@ lﬁ« A

<dr C 7] x PCF, \/\/\ L)

are logically chosen to allow a proof by induction.
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Requirements on the formal approximation relations, |

We want that, for v € {nat, bool },

[M] <, M implies YV (M]=[V] = M|, V)

_J/

N

adequacy
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Definitionof d <1, M (d € [y], M € PCF,)
for v € {nat, bool}

def

n<pa M & (neN = MJ|,, succ”(0))
def

b <poot M & (b= true = M |;,,; true)

& (b= false = M ,;,,; false)
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Proof of: [M| <1, M implies adequacy

Case v = nat.

[M] = [V]
—> [M] = [succ”(0)] forsomen € N
— n=|M] <\ M

— M |} succ”(0) by definition of <1,,4¢

Case v = bool is similar.
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Requirements on the formal approximation relations, li

We want to be able to proceed by induction.
» Consider the case M = M M.

~~ logical definition
—
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Definition of
f<ror M (f€([r] = [7]),M € PCF,_,)

f ;s M

© vz e[r], N € PCF,

(x < N = f(z) < M N)
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Requirements on the formal approximation relatlop_; i

We want to be able to proceed by induction. W [
» Consider the case M = fix(M').

~~ admissibility property

2
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Admissibility property

Lemma. For all types T and M € PCEF ., the set
{de|r]|d< M}

is an admissible subset of |T].
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Further properties

Lemma. For all types T, elements d,d’ € 7], and terms
M,N,V € PCF,,

1.1f dCd and d <, M then d <, M.

If d<i Mand YV (M |.V = N|.V)
then d <1, N .
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Requirements on the formal approximation relations, IV

We want to be able to proceed by induction.

» Considerthecase M =fnx: 7. M. f

(La A:?f ~~ substitutivity property for open terms
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Fundamental property

Theorem. Foralll' = (x1 — T1,...,2y — T,,) and all
I'=M:7,if di < My, ..., dy, <, M, then
[[F"M]Hxllﬁdl,,fnl—)dn] = M[Ml/xl,,Mn/CUn]

NB. Thecase ' = () reduces to

IM] < M
forall M € PCF ..
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Fundamental property of the relations <

Proposition. /fI' = M : 7 is a valid PCF typing, then for all
I'-environments p and all I'-substitutions o

p<ro = [I'kM](p) 2 Mo|

e p <Ir 0 means that p() <r(5) o(x) holds for each
x € dom(T).

e M|o] is the PCF term resulting from the simultaneous substitution
of o(x) for x in M, each z € dom ().
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