Contextual equivalence of PCF terms

Given PCF terms M, Mo, PCF type 7, and a type

environment I', the relation | I' = My S Mo @ T

IS defined to hold iff

e Both the typings I' = M7 : 7 and |

"+ M5 : 7 hold.

e For all PCF contexts C for which C|M1] and C|M5)] are

closed terms of type v, where v =
and for all values V' : ~,

nat ory = bool,

C[Ml] l}v V & C[MQ] UW V.
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PCF denotational semantics — aims

e PCFtypes 7 — domains [T].

e Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

Nfﬁ Dw&/m . Al [z T e e
dha [xermsl
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PCF denotational semantics — aims

PCF types 7 +—> domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M]].

Soundness.
Foranytype 7, M ||V = [M] = [V].

Adequacy.
For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types T and closed terms My, My € PCF ',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx M2 - T.




Theorem. For all types T and closed terms My, My € PCF ',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ - T.

Proof.

CIMi] ),V = [C[Mi]] = [V] (soundness)

= [C|M>]] = [V] (compositionality
on [M;] = [M>])

= C|Ms| |,V  (adequacy)

and symmetrically. H
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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Denotational semantics of PCF

To every typing judgement

, wdelo o T
I'=M: l/\/lfgwtva%‘&i

we associate a contlnuous functlon

e d

N/-/

between domains. [ bg nd 5’\«% g‘}mﬁm

N 4PT, - WY 7 Wj

R O&Y'—W%&WQ wo [T

74



Denotational semantics of PCF types

[nat] = N (flat domain)

[bool] B, (flat domain)

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] B, (flat domain)
[T — T’]]déf [7] — [7] (function domain).

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF type environments

] L erdom(r) [C'(x)]  (T-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

Example: m r]ﬂM A e

1. For the empty type environment (), [\
¥ W(T
0]={L} = ¥

where L denotes the unique partial function with

dom(L) = 0.
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g;\kq/,/&\«wf‘wmrﬂj g%

2. [(z—7)] = ({x} = [7])
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Denotational semantics of PCF terms, |

[P ot [ (st
\ ~
Apefry. o

[T+ 0](p) & 0 € [nat]

' F true](p) L true [bool]

[[" - false](p) © false € [bool]
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(e (el

Denotational semantics of PCF terms, |
7 edon ] re=c
B Tx:T

def

[T =0l(p) = 0€[natl A Thwo e

bc. oo oo o

‘Iu'-zm'_u:u

' F true](p) L true € [bool] % AT

[[" - false](p) © false € [bool]

[T F 2](0) p(z) € [T(2)] (z € dom(T))
[11 /PR RNy ’ZL(% (0['! /d"‘> —
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Denotational semantics of PCF terms, Il

[T F succ(M)](p)

et [T M](p) +1 [T+ M](p) # L
L it [T+ M](p) = L
O 4,,,[/‘(,,.,, O /l “ - V\ - -

FN—Li,)/N‘L
1 F 7 L Lot s
K 9n F y ntd "j ’Jﬁ@)






Denotational semantics of PCF terms, Il

[T+ suce(M)](p)

(

def II'E M](p)+1 if[I' = M](

< )
1 if [T+ M]|(

S
R

=

\

[T - pred(M)](p)

dof <’[[r - M](p) — 1 if [T+ M](p) >0
L it [T - M](p) =0, L

\

pred < M s Loml

L,0 — 1
?;47/1 — n- 1
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Denotational semantics of PCF terms, Il

[+ suce(M)](p)

’

d§f< [[Fl—M]](p)—l—l if[[rl—M]](

)
L [0 - M](p) = L

S
R

\

[T - pred(M)](p)

dof <’[[F - M](p) — 1 if [T+ M](p) >0
L it [T - M](p) =0, L

{true if [ = MJ[(p) =0

\

def

|II' = zero(M)|(p) = < false if[I' = M](p) >0

LT M](p) = L
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Denotational semantics of PCF terms, lli

" = if My then M, else Ms](p)

[T = Mo](p) if [I'F Mi](p) = true
L LM M](p) [T F Mi](p) = false
L it [T F M]

|
|_

/N N
RS
N—"
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LM K, 6

Denotational semantics of PCF terms,|llI

-

def

def

[I" F M3](p) if[I

[fr’ FY ) E%'M—'? (1ZV~ 1ol

—

—

1 it [T

—

|

ey Eleatsy  C el

[ - if M7 then M, else M3](p) [Epknl’y; Ep’m f—ﬂfzy
{[[F = Ma](p) if[I |

[(p) = true
[(p) = false
[(p) =1L

[+ My Mo](p) = ([T F Mi](p)) ([T M2](p))

[ —
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P?Tl"/\f —)
I‘{—«(»\(LZM 76

mtatlona emantics of PCF terms, IV

//[anx - Mo fﬂxzm’y [rat "‘71[5@

dof ﬁ?dam
= \d € [[T]].[[[:I:l—)T]I—M]]( z — d])
wrW [ mx’i‘w@ 10 [z

NB: p|z — d] € [I'[x — 7]] is the function mapping x to d € [7]
and otherwise acting like p.

(13> M)
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