Thesis

All domains of computation are
partial orders with a least element.

All computable functions are
mononotic.
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Partially ordered sets

A binary relation T on a set D is a partial order iff it is
reflexive: Vd € D. d C d
transitive: Vd, d',d" e D.dCd Cd'=dC d"
anti-symmetric: Vd,d' €e D.dCd CTd=d=4d"

Such a pair (D, C) is called a partially ordered set, or poset.
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCyg fiff

Iff

dom(f) C dom(g) and
v € dom(f). f(z) = g(x)

graph(f) C graph(g)
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Monotonicity

e Afunction f : D — FE between posets is monotone iff
Vd,d € D.dC d" = f(d) C f(d).

(f monotone)

f(x) E f(y)
@WNV{L flt@])lﬂ/]& : @@SA%@>'7@£Z(EAM>
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An element d € S is the least element of S if it satisfies

-—

Least Elements O»F 7 ,—[}J\«w’)’(’hl\ I\
pﬁgse that D is a poset and that .S is a subset of D. W A,

A S .

VeeS.dC x . D\

S
=
:

N
%
S

e Notelalso that a poset may not have least element.

e

26



g%/ﬁ, : C)CA\(/),E

N, < 7,4

[0!43/\4 W 1.

Ao undsyiy b oy of oll Tiwrt. g

e ol O B, e

V?«ltmwt XY N (a,b) & (4, 4)
- W»@% |
f 5

0 /A Y \




[eleBdoc =4 fox (£, gy

W) 7
re-fixed points | B

Let D be aposetand f : D — D be a func\?tm./\/\\

An element d € D is a pre-fixed point of f if it satisfies p(L (’I\J- [[

f(d) & d [ bt we ace nlipested i f/ﬁmm

The least pre-fixed point of T, if it exists, will be written .
p p J s o

frl§) propy o

It is thus (uniquely) specified by the two properties: /é‘%ﬁ MWWL

f(fix(f)) E fix(f) (Ifp1)
| vdeD. f(d)Cd = fie(f) Cd. (102)
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Proof principle
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2. Let D be aposetandlet f : D — D be a function with a

least pre-fixed point fiz(f) € D.
Forallx € D, to prove that fix(f) C x it is enough to 1/9'9/}9
establish that f(x) C hvan s (4.
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Proof principle

f(fix(f)) E fix(f)

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
Forall x € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.

f(z) Ew
L x

fiz(f)
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Least pre-fixed points are fixed points

If it exists, the least pre-fixed point of a mononote function on a
partial order is necessarily a fixed point.
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