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Relations

Definition 98 A (binary) relation R from a set A to a set B

R:A—+—B or ReRelA,B) ,
IS

RCAxB or RePA xB)

Notation 99 One typically writes aRb for (a,b) € R.
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Informal examples:

» Computation.

» Typing.

» Program equivalence.
» Networks.

» Databases.
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Examples:

» Empty relation.
D:A—+B (a0 b & false)

» Full relation.
(AxB):A—+B (a (A xB)b & true)

» l|dentity (or equality) relation.
ida ={(a,a)|lacA}:A—A (aidp @’ &= a=ad’)

» Integer square root.
R={(mn)|m=n*}:N-+Z (MRn & m=n?
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Internal diagrams

Example:
R=1{1(0,0),(0,—1),(0,1),(1,2),(1,1),(2,1) } :N——=Z
S=1{1(1,0),(1,2),(2,1),(2,3) } : Z—+>Z




Relational extensionality
R=§:A—+—B

|ff
Vae A.VYbeB. aRb & aSb

— IDI20OKR —



Relational composition

. h—>08 S B—+C
g‘ ZW&WL
/?WW?L@ g7
Sol : A——C

i (Sok) ¢ éi/ E}QB b8 A alkhb
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Theorem 101 Relational compositioa1s associative a
identity relation as neutral e/eme L. &,g

» Associativity. |

. . 7 78
ForallR.A—HB,S.BW QJW/
(ToS)oR—=To(SoR)

» Neutral element. 7 CS:CK) /L\/}/ Ioh I -

has the

For allR: A —+ B, =
%S@K/

ROidA — R = idBOR .
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Relations and matrices

Definition 102

1. For positive integers m andn, an (m x n)-matrix M over a
semiring (S,0,®,1,®) is given by entries M,; € S for all
0<i<mandl <j<n.

Qy\m X MV )
(kali WAIW(L - )/\w
L /] (Vwm)maﬁz o
M. - 0%S -
(L*M @&ka O L, R Cpt

Theorem 103 Matr/x multiplication is associative and has tﬁu)a
identity matrix as neutral element.
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Relations from [m] to [n] and (m x n)-matrices over Booleans
provide two alternatlve views of the same structure.

This carries over to identities and to composition/multiplication .

Vi< U/l‘“/?)w)' N f@([/vo 06, m=] 5 [0,

w> N L m)o ]
AR, iqm f (1)ek

!l o Gk
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@@(M )) = VM pcthed
ol () - K st
S or SR

H < > o
mot (RoS) = (ot £) (ot <)



