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Changing implementations

type t

v a l empty : t

v a l i s_empty : t −> boo l

v a l mem : t −> i n t −> boo l

v a l add : t −> i n t −> t

v a l i f_empty : t −> ’ a −> ’ a −> ’ a
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Changing implementations

type t list = i n t l i s t

l e t empty list = [ ]

l e t is_empty list = fun c t i o n
| [ ] −> t r u e
| _ −> f a l s e

l e t r e c memlist x = f u n c t i o n
| [ ] −> f a l s e
| y : : r e s t −>

i f x = y then t r u e
e l s e memlist x r e s t
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Changing implementations

l e t add list x t =
i f (memlist x t ) then t
e l s e x : : t

l e t i f_empty list t x y =
match t w i th
| [ ] −> x
| _ −> y

6/ 48



Changing implementations

type t tree =
| Empty
| Node o f t tree * i n t * t tree

l e t emptytree = Empty

l e t is_empty tree = fun c t i o n
| Empty −> t r u e
| _ −> f a l s e

l e t r e c memtree x = f u n c t i o n
| Empty −> f a l s e
| Node ( l , y , r ) −>

i f x = y then t r u e
e l s e i f x < y then memtree x l
e l s e memtree x r
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Changing implementations

l e t r e c addtree x t =
match t w i th
| Empty −> Node (Empty , x , Empty )
| Node ( l , y , r ) as t −>

i f x = y then t
e l s e i f x < y then Node ( addtree x l , y , r )
e l s e Node ( l , y , addtree x r )

l e t i f_empty tree t x y =
match t w i th
| Empty −> x
| _ −> y
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Changing implementations

type t list = i n t l i s t ∼
type t tree =

| Empty
| Node o f t tree * i n t * t tree

.

.[]. Empty.

[1, 2]

.

[2, 1]

.

Node(Empty, 1, Node(Empty, 2, Empty)

.

Node(Node(Empty, 1, Empty), 2, Empty

. 𝜎.

𝜎

.

𝜎

.

𝜎

.

𝜎
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Changing implementations

l e t empty list = [ ] ∼ l e t emptytree = Empty

𝜎(emptyೣೠ೪೫, empty೫೩೜೜)
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Changing implementations

l e t empty list = [ ] ∼ l e t emptytree = Empty

𝜎(emptyೣೠ೪೫, empty೫೩೜೜)
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Changing implementations

l e t i s_empty list = fun c t i o n
| [ ] Ǌ> t r u e
| _ Ǌ> f a l s e ∼ l e t i s_empty tree = fun c t i o n

| Empty Ǌ> t r u e
| _ Ǌ> f a l s e

∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜.
𝜎(𝑥, 𝑦) ⇒ (is_emptyೣೠ೪೫ 𝑥 = is_empty೫೩೜೜ 𝑦)
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Changing implementations
l e t r e c memlist x = f u n c t i o n

| [ ] Ǌ> f a l s e
| y : : r e s t Ǌ>

i f x = y then t r u e
e l s e memlist x r e s t

∼

l e t r e c memtree x = f u n c t i o n
| Empty Ǌ> f a l s e
| Node ( l , y , r ) Ǌ>

i f x = y then t r u e
e l s e i f x < y then memtree x l
e l s e memtree x r

∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑖 ∶ 𝐼𝑛𝑡. ∀𝑗 ∶ 𝐼𝑛𝑡.
𝜎(𝑥, 𝑦) ⇒ (𝑖 = 𝑗) ⇒ (memೣೠ೪೫ 𝑥𝑖 = mem೫೩೜೜ 𝑦𝑗)

12/ 48



Changing implementations
l e t r e c memlist x = f u n c t i o n

| [ ] Ǌ> f a l s e
| y : : r e s t Ǌ>

i f x = y then t r u e
e l s e memlist x r e s t

∼

l e t r e c memtree x = f u n c t i o n
| Empty Ǌ> f a l s e
| Node ( l , y , r ) Ǌ>

i f x = y then t r u e
e l s e i f x < y then memtree x l
e l s e memtree x r

∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑖 ∶ 𝐼𝑛𝑡. ∀𝑗 ∶ 𝐼𝑛𝑡.
𝜎(𝑥, 𝑦) ⇒ (𝑖 = 𝑗) ⇒ (memೣೠ೪೫ 𝑥𝑖 = mem೫೩೜೜ 𝑦𝑗)

12/ 48



Changing implementations

l e t add list x t =
i f (memlist x t ) then t
e l s e x : : t

∼

l e t r e c addtree x t =
match t w i th
| Empty Ǌ> Node (Empty , x , Empty )
| Node ( l , y , r ) as t Ǌ>

i f x = y then t
e l s e i f x < y then Node ( addtree x l , y , r )
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𝜎(𝑥, 𝑦) ⇒ (𝑖 = 𝑗) ⇒ 𝜎(addೣೠ೪೫ 𝑥𝑖, add೫೩೜೜ 𝑦𝑗)
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Changing implementations
l e t i f_empty list t x y =

match t w i th
| [ ] Ǌ> x
| _ Ǌ> y

∼
l e t i f_empty tree t x y =

match t w i th
| Empty Ǌ> x
| _ Ǌ> y

∀𝛾. ∀𝛿.
∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑎 ∶ 𝛾. ∀𝑏 ∶ 𝛾. ∀𝑐 ∶ 𝛿. ∀𝑑 ∶ 𝛿.

𝜎(𝑥, 𝑦) ⇒ (𝑎 = 𝑐) ⇒ (𝑏 = 𝑑) ⇒
(if_emptyೣೠ೪೫ 𝑥𝑎𝑏 = if_empty೫೩೜೜ 𝑦𝑐𝑑)
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Changing implementations

Given t : tlist and s : ttree such that 𝜎(t, s):

i f_empty list t 5 6 ∼ i f_empty tree s 5 6

i f_empty list t t ( add list t 1)
∼

i f_empty tree s s ( add list s 1)

i f_empty list t memlist memlist

∼
i f_empty tree t memtree memtree
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Changing implementations
val empty:

t 𝜎(emptyೣೠ೪೫, empty೫೩೜೜)
val is_empty:

t -> bool
∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜.

𝜎(𝑥, 𝑦) ⇒(is_emptyೣೠ೪೫ 𝑥 = is_empty೫೩೜೜ 𝑦)
val mem:

t -> int -> bool
∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑖 ∶ 𝐼𝑛𝑡. ∀𝑗 ∶ 𝐼𝑛𝑡.

𝜎(𝑥, 𝑦) ⇒(𝑖 =𝑗) ⇒
(memೣೠ೪೫ 𝑥𝑖 = mem೫೩೜೜ 𝑦𝑗)

val add:

t -> int -> t
∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑖 ∶ 𝐼𝑛𝑡. ∀𝑗 ∶ 𝐼𝑛𝑡.

𝜎(𝑥, 𝑦) ⇒(𝑖 =𝑗) ⇒
𝜎(addೣೠ೪೫ 𝑥𝑖, add೫೩೜೜ 𝑦𝑗)

val if_empty:

t -> 'a -> 'a -> 'a

∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.
∀𝑥 ∶ 𝑡ೣೠ೪೫. ∀𝑦 ∶ 𝑡೫೩೜೜. ∀𝑎 ∶ 𝛾. ∀𝑏 ∶ 𝛾. ∀𝑐 ∶ 𝛿. ∀𝑑 ∶ 𝛿.

𝜎(𝑥, 𝑦) ⇒𝜌(𝑎, 𝑐) ⇒𝜌(𝑏, 𝑑) ⇒
𝜌(if_emptyೣೠ೪೫ 𝑥𝑎𝑏, if_empty೫೩೜೜ 𝑦𝑐𝑑)
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Changing implementations
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Changing implementations

(𝛼
× (𝛼 → 𝛾)
× (𝛼 → 𝛽 → 𝛾)
× (𝛼 → 𝛽 → 𝛼)
× (∀𝛿. 𝛼 → 𝛿 → 𝛿 → 𝛿))[𝜎, =Int, =Bool](setೣೠ೪೫, set೫೩೜೜)
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Abstraction

Given a type 𝑇 with free variables 𝛼, 𝛽е, … , 𝛽೥:

∀𝛽е. … ∀𝛽೥. ∀𝑥 ∶ (∃𝛼.𝑇). ∀𝑦 ∶ (∃𝛼.𝑇).

𝑥 = 𝑦 ⇔

∃𝛾. ∃𝛿. ∃𝜎 ⊂ 𝛾 × 𝛿.
∃𝑢 ∶ 𝑇[𝛾, 𝛽е, … 𝛽೥]. ∃𝑣 ∶ 𝑇[𝛿, 𝛽е, … 𝛽೥].

𝑥 = pack 𝛾, 𝑢 as 𝑇[ þÿÿă𝐴]
∧ 𝑦 = pack 𝛿, 𝑣 as 𝑇[þÿÿă𝐵]
∧ 𝑇[𝜎, =ಅе

, … , =ಅ೥
](𝑢, 𝑣)
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Parametricity

Given a type 𝑇 with free variables 𝛼, 𝛽е, … , 𝛽೥:

∀𝛽е. … ∀𝛽೥. ∀𝑥 ∶ (∀𝛼.𝑇).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

𝑇[𝜌, =ಅе
, … , =ಅ೥

](𝑥[𝛾], 𝑥[𝛿])
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Identity extension

Given a type 𝑇 with free variables 𝛼е, … , 𝛼೥:

∀𝛼е. … ∀𝛼೥. ∀𝑥 ∶ 𝑇. ∀𝑦 ∶ 𝑇.
(𝑥 =ೋ 𝑦) ⇔ 𝑇[=಄е

, … , =಄೥
](𝑥, 𝑦)
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Invariants
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Invariants

module P o s i t i v e : s i g
type t
v a l z e r o : t
v a l succ : t −> t
v a l t o_ in t : t −> i n t

end = s t r u c t
type t = i n t
l e t z e r o = 0
l e t succ x = x + 1
l e t t o_ in t x = x

end
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Invariants

Represent an invariant 𝜙[𝑥] on a type 𝛾 as a relation 𝜌 ⊂ 𝛾 × 𝛾:

𝜌(𝑥 ∶ 𝛾, 𝑦 ∶ 𝛾) = (𝑥 = 𝑦) ∧ 𝜙[𝑥]
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Invariants

Given a type 𝑇 with free variable 𝛼:

∀𝑓 ∶ (∀𝛼.𝑇[𝛼] → 𝛼).
∀𝛾. ∀𝜌 ⊂ 𝛾 × 𝛾. ∀𝑥 ∶ 𝑇[𝛾].

𝑇[𝜌](𝑥, 𝑥) ⇒ 𝜌(𝑓[𝛾] 𝑥, 𝑓[𝛾] 𝑥)
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Invariants

Note that:

𝚘𝚙𝚎𝚗 (𝚙𝚊𝚌𝚔 𝛾, 𝑢 𝚊𝚜 ∃𝛼. 𝑇[𝛼]) 𝚊𝚜 𝑥, 𝛼 𝚒𝚗 𝑡
=

(Λ𝛼. 𝜆𝑥 ∶ 𝑇[𝛼]. 𝑡)[𝛾] 𝑢

So:

∀𝜌 ⊂ 𝛾 × 𝛾. 𝑇[𝜌](𝑢, 𝑢) ⇒

𝜌க 𝚘𝚙𝚎𝚗 (𝚙𝚊𝚌𝚔 𝛾, 𝑢𝚊𝚜 ∃𝛼. 𝑇[𝛼]) 𝚊𝚜 𝑥, 𝛼𝚒𝚗 𝑡,
𝚘𝚙𝚎𝚗 (𝚙𝚊𝚌𝚔 𝛾, 𝑢𝚊𝚜 ∃𝛼. 𝑇[𝛼]) 𝚊𝚜 𝑥, 𝛼𝚒𝚗 𝑡஖
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Phantom types
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Phantom types

module F i l e : s i g
type t
v a l open_readwr i t e : s t r i n g −> t
v a l open_readon ly : s t r i n g −> t
v a l r ead : t −> s t r i n g
v a l w r i t e : t −> s t r i n g −> un i t

end = s t r u c t
type t = i n t
l e t open_readwr i t e f i l e n ame = . . .
l e t open_readon ly f i l e n ame = . . .
l e t r ead f = . . .
l e t w r i t e f s = . . .

end
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Phantom types

# l e t f = F i l e . open_readon ly ” foo ” i n
F i l e . w r i t e f ” bar ” ; ;

Exception: Invalid_argument "write: file is read-only".
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Phantom types

module F i l e : s i g
type t
v a l open_readwr i t e : s t r i n g −> t
v a l open_readon ly : s t r i n g −> t
v a l r ead : t −> s t r i n g
v a l w r i t e : t −> s t r i n g −> un i t

end = s t r u c t
type t = i n t
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Phantom types
module F i l e : s i g

type readonly
type readwrite
type ’a t
v a l open_readwr i t e : s t r i n g −> readwrite t
v a l open_readon ly : s t r i n g −> readonly t
v a l r ead : ’a t −> s t r i n g
v a l w r i t e : readwrite t −> s t r i n g −> un i t

end = s t r u c t
type readonly
type readwrite
type ’a t = i n t
l e t open_readwr i t e f i l e n ame = . . .
l e t open_readon ly f i l e n ame = . . .
l e t r ead f = . . .
l e t w r i t e f s = . . .

end
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Phantom types

# l e t f = F i l e . open_readon ly ” foo ” i n
F i l e . w r i t e f ” bar ” ; ;

Characters 51-52:
File.write f "bar";;

^
Error: This expression has type File.readonly File.t

but an expression was expected of type
File.readwrite File.t
Type File.readonly is not compatible with type
File.readwrite
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Phantom types

module Ar ray : s i g
type ’ a t
v a l l e n g t h : ’ a t −> i n t
v a l s e t : ’ a t −> i n t −> ’ a −> un i t
v a l ge t : ’ a t −> i n t −> ’ a

end
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Phantom types

l e t s e a r c h cmp a r r v =
l e t r e c l ook low h igh =

i f h igh < low then None
e l s e beg in

l e t mid = ( h igh + low )/2 i n
l e t x = Array . ge t a r r mid i n
l e t r e s = cmp v x i n

i f r e s = 0 then Some mid
e l s e i f r e s < 0 then l ook low (mid − 1)
e l s e l ook (mid + 1) h igh

end
i n

l ook 0 ( Array . l e n g t h a r r )
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Phantom types

# l e t a r r = [ | ’ a ’ ; ’ b ’ ; ’ c ’ ; ’ d ’ | ] ; ;
val arr : char array = [|’a’; ’b’; ’c’; ’d’|]

# l e t t e s t 1 = s ea r c h compare a r r ’ c ’ ; ;
val test1 : int option = Some 2

# l e t t e s t 2 = s ea r c h compare a r r ’ a ’ ; ;
val test2 : int option = Some 0

# l e t t e s t 3 = s ea r c h compare a r r ’ x ’ ; ;
Exception: Invalid_argument ”index out of bounds”.
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Phantom types

l e t s e a r c h cmp a r r v =
l e t r e c l ook low h igh =

i f h igh < low then None
e l s e beg in

l e t mid = ( h igh + low )/2 i n
l e t x = Array . ge t a r r mid i n
l e t r e s = cmp v x i n

i f r e s = 0 then Some mid
e l s e i f r e s < 0 then l ook low (mid − 1)
e l s e l ook (mid + 1) h igh

end
i n

l ook 0 (Array.length arr)
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Phantom types

l e t s e a r c h cmp a r r v =
l e t r e c l ook low h igh =

i f h igh < low then None
e l s e beg in

l e t mid = ( h igh + low )/2 i n
l e t x = Array . ge t a r r mid i n
l e t r e s = cmp v x i n

i f r e s = 0 then Some mid
e l s e i f r e s < 0 then l ook low (mid − 1)
e l s e l ook (mid + 1) h igh

end
i n

l ook 0 ((Array.length arr) - 1)
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Phantom types

module Ar ray : s i g
type ’ a t
v a l l e n g t h : ’ a t −> i n t
v a l s e t : ’ a t −> i n t −> ’ a −> un i t
v a l ge t : ’ a t −> i n t −> ’ a

end
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Phantom types

module BArray : s i g
type ( ’ s , ’ a ) t
type ’ s i nd ex

v a l l a s t : ( ’ s , ’ a ) t −> ’ s i ndex
v a l s e t : ( ’ s , ’ a ) t −> ’ s i ndex −> ’ a −> un i t
v a l ge t : ( ’ s , ’ a ) t −> ’ s i ndex −> ’ a

end
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Phantom types

type ’ a brand =
| Brand : ( ’ s , ’ a ) t −> ’ a brand
| Empty : ’ a brand

v a l brand : ’ a a r r a y −> ’ a brand
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Phantom types

# l e t Brand x = brand [ | ’ a ’ ; ’ b ’ ; ’ c ’ ; ’ d ’ | ] i n
l e t Brand y = brand [ | ’ a ’ ; ’ b ’ | ] i n

ge t y ( l a s t x ) ; ;

Characters 96-104:
get y (last x);;

^^^^^^^^
Error: This expression has type s#1 BArray.index

but an expression was expected of type s#2 BArray.index
Type s#1 is not compatible with type s#2
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Phantom types

v a l z e r o : ’ s i nd ex
v a l l a s t : ( ’ s , ’ a ) t −> ’ s i ndex

v a l i nd ex : ( ’ s , ’ a ) t −> i n t −> ’ s i ndex op t i on
v a l p o s i t i o n : ’ s i nd ex −> i n t

v a l midd le : ’ s i nd ex −> ’ s i ndex −> ’ s i ndex

v a l nex t : ’ s i nd ex −> ’ s i ndex −> ’ s i ndex op t i on
v a l p r e v i o u s : ’ s i nd ex −> ’ s i ndex −>

’ s i ndex op t i on
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Phantom types

s t r u c t
type ( ’ s , ’ a ) t = ’ a a r r a y

type ’ a brand =
| Brand : ( ’ s , ’ a ) t −> ’ a brand
| Empty : ’ a brand

l e t brand a r r =
i f Ar ray . l e n g t h a r r > 0 then Brand a r r
e l s e Empty

type ’ s i nd ex = i n t

l e t i nd ex a r r i =
i f i > 0 && i < Array . l e n g t h a r r then Some i
e l s e None
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l e t p o s i t i o n i d x = i d x

l e t z e r o = 0
l e t l a s t a r r = ( Array . l e n g t h a r r ) − 1
l e t midd l e i d x1 i d x2 = ( i d x1 + idx2 )/2

l e t nex t i d x l i m i t =
l e t nex t = i d x + 1 i n

i f nex t <= l i m i t then Some next
e l s e None

l e t p r e v i o u s l i m i t i d x =
l e t p r ev = i d x − 1 i n

i f p r ev >= l i m i t then Some prev
e l s e None
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l e t s e t = Array . s e t

l e t ge t = Array . ge t
end
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Phantom types
l e t b s ea r ch cmp a r r v =

l e t open BArray i n
l e t r e c l ook ba r r low h igh =

l e t mid = midd le low h igh i n
l e t x = get ba r r mid i n
l e t r e s = cmp v x i n

i f r e s = 0 then Some ( p o s i t i o n mid )
e l s e i f r e s < 0 then

match p r e v i o u s low mid wi th
| Some prev Ǌ> look ba r r low prev
| None Ǌ> None

e l s e
match next mid h igh wi th
| Some next Ǌ> look ba r r nex t h igh
| None Ǌ> None

i n
match brand a r r w i th
| Brand ba r r Ǌ> look ba r r z e r o ( l a s t b a r r )
| Empty Ǌ> None
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Phantom types

l e t s e t = Array . un sa f e_s e t

l e t ge t = Array . unsa f e_get
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Next time

GADTs

(First-class phantom types)
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