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» Changing implementations
» Preserving invariants

» Phantom types
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Changing implementations
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Changing implementations

type t

val empty : t

val is_empty : t —> bool
val mem : t —> int —> bool
val add : t — int —> t

val if_empty : t —> 'a —> 'a —> ’a
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Changing implementations
type ty,; = int list
let emptye = []

let is_empty;, = function

| [] — true
| _ — false
let rec memj, x = function
| [] — false
| y @ rest —>

if x =y then true
else memj, x rest
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Changing implementations

let add;,; x t =
if (mem;, x t) then t
else x :: t

let if_empty;; t x y =
match t with
1= x
| — =y
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Changing implementations

type JEtree =
| Empty
| Node of t,e * int * t,.

let empty,. = Empty

let is_empty,., = function
| Empty —> true
| _ — false

let rec mem,, x = function
| Empty —> false
| Node(l, y, r) —
if x =1y then true

else if x <y then mem,, x

else mem,, x r
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Changing implementations

let rec add,.. x t =
match t with
| Empty —> Node(Empty, x, Empty)
| Node(l, y, r) as t —
if x =1y then t
else if x <y then Node(add, x |, vy, r)

tree

else Node(l, y, add X r)

tree

let if_emptye. t Xy =
match t with
| Empty —> x
| =y
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Changing implementations

type ttree =
type tjy = int list ~ | Empty
| Node of t int * t

tree tree
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(I Empty
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Changing implementations

type ttree =
type tjy = int list ~ | Empty
| Node of t

tree

( Empty

int * t

tree

1, 2] X Node(Empty, 1, Node(Empty, 2, Empty)
[2, 1] Node(Node(Empty, 1, Empty), 2, Empty
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Changing implementations

type ttree =
type tjy = int list ~ | Empty
| Node of t,.
o
( Empty

g

int * t

tree

1, 2] X Node(Empty, 1, Node(Empty, 2, Empty)
[2, 1] p Node(Node(Empty, 1, Empty), 2, Empty
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Changing implementations

let empty;, = [] ~ let empty,,.. = Empty
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Changing implementations

let empty;, = [] ~ let empty,,.. = Empty

g(emptylist’ emptytree)
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Changing implementations

let is_empty,, = function

| [l — true

| _ — false ~ let is_empty,. = function
| Empty —> true
| _ — false
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Changing implementations

let is_empty,, = function

| [l — true

| _ — false ~ let is_empty,. = function
| Empty —> true
| _ — false

Va tlz’st‘ Vy : ttree‘

o(z,y) = (is_empty,, & = is_empty, _ )
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Changing implementations

let rec memy, x = function
| [] — false
| 'y 1 rest —

if x =1y then true
else mem;, x rest

let rec mem,, X = function
| Empty —> false
| Node(l, vy, r) —
if x =1y then true
else if x <y then mem,, x |
else memg, x r
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Changing implementations

let rec memy, x = function
| [] — false
| 'y 1 rest —

if x =1y then true
else mem;, x rest

let rec mem,, X = function
| Empty —> false
| Node(l, y, r) —
if x =1y then true
else if x <y then mem,, x |
else memg, x r

VT i ty04- VY typee. Vi Int. V) ¢ Int.

O'('r7y) = (Z = ]) = (memlistxi = memtreeyj)
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Changing implementations

let add,, x t =
if (mem;, x t) then t
else x :: t

X t =

let rec add,..
match t with
| Empty — Node(Empty, x, Empty)
~ | Node(l, y, r) as t —
if x =1y then t
else if x <y then Node(add,.. x |, y, r)

else Node(l, y, add,. x r)
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Changing implementations

let add,, x t =
if (mem;, x t) then t
else x :: t

let rec add,. x t =
match t with
| Empty — Node(Empty, x, Empty)
~ | Node(l, y, r) as t —
if x =1y then t
else if x <y then Node(add X

tree

else Node(l, y, add,. x r)

VT i ty00- VY typee. Vi Int. V) ¢ Int.
U(J“’y) = (Z = .7) = U(addlist‘riv addtree y.])
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Changing implementations

let if_empty;, t x y =
match t with
I [l = x
| _—>y

let if_empty,. t x y =
match t with
| Empty —> x
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Changing implementations

let if_empty;, t x y =
match t with

I [l = x
| =y
let if_empty,. t x y =
match t with
| Empty —> x
| =y
V. V4.

Vo i tyiee- VY i tipee- Va: 7. Vb 7. Ve 6.Vd : 6.
o(z,y) = (a=c)= (b=d) =
(if_empty,, ,zab = if_empty, __ycd)
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Changing implementations

Given t : tj, and s : t,.. such that o(t, s):

tree

if_empty;; t 56 ~ if _empty,. s 5 6
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Changing implementations

Given t : tj, and s : t,.. such that o(t, s):

tree
if_empty;; t 56 ~ if _empty,. s 5 6
if _empty,, t t (add;, t 1)

~

if_emptyyee s s (add,, s 1)
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Changing implementations

Given t : tj, and s : t,.. such that o(t, s):

tree
if_empty;; t 56 ~ if _empty,. s 5 6

if_empty,, t t (add;, t 1)

~

if_emptyyee s s (add,, s 1)

if_empty,; t mem;, mem;,
Y

If—e m pty tree t memtree memtree
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Changing implementations

let if_empty;, t x y =
match t with

I [l = x
| =y
let if_empty,. t x y =
match t with
| Empty —> x
| =y
V. V0.

VT i ta0- VY typee- Vi 7. Yb 4. Ve : 6.Vd = 6.
olr,y) = (a=c) = (b=d) =
(if_empty,, ,zab = if_empty, __ycd)
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Changing implementations

let if_empty;, t x y =
match t with
| [] = x
| _—>y

let if_empty,. t x y =
match t with
| Empty —> x

V. Vo. Vp Cy x 6.
VT i ta0- VY typee- Vi 7. Yb 4. Ve : 6.Vd = 6.
olx,y) = pla, ¢) = p(b, d) =
p(if_empty,.  wab, if_empty,  ycd)
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Changing implementations

val empty:

t (j—(enr][:’tylist7 emptytTee)

val is_empty:
Va tlist'Vy : tt'ree'

t -> bool
o(z,y) =(is_empty,, & =is_empty, 1Y)
val mem:
VT i t06- VY i typee- Vi Int. V5 2 Int.
t -> int -> bool o(z,y) =(i =j) =
(memy; ,xi = memy, . yj)
val add:
VT 66 VY typee- Vi o Int. V5« Int.
t -> int -> t o(z,y) =(i =j) =
o(addy; ¢ i, addy,.c. y)
val if_empty:

V. V4. Vp C v x 6.
V2 ter- VY i tppee- Va : 7. Vb 7. Ve 6.Vd = 4.
o(z,y) =pla, c) =p(b, d) =
p(if_empty,, . xab, if_empty, ycd)

t -> 'a->'a->"'a
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Changing implementations

val empty:
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val is_empty:
Va tlist'Vy : tt'ree'

t -> bool
o(z,y) =(is_empty,, & =is_empty, 1Y)
val mem:
VT i t06- VY i typee- Vi Int. V5 2 Int.
t -> int -> bool o(z,y) =(i =j) =
(memy; ,xi = memy, . yj)
val add:
VT 66 VY typee- Vi o Int. V5« Int.
t -> int -> t o(z,y) =(i =j) =
o(addy; ¢ i, addy,.c. y)
val if_empty:

V. V4. Vp C v x 6.
V2 ter- VY i tppee- Va : 7. Vb 7. Ve 6.Vd = 4.
o(z,y) =pla, c) =p(b, d) =
p(if_empty,, . xab, if_empty, ycd)

t -> 'a->'a->"'a

17/ 48



Changing implementations

val empty:
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Changing implementations

val empty:
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Changing implementations

val empty:
t

(a)[o](empty,, ., empty, )

val is_empty:

t -> bool

(a — ’Y) [07 :Bool](iS_empty“—Stv iS_emptytree)

val mem:

t -> int -> bool

(OZ - ﬂ - 7)[0-7 “Int> :Bool](memlist7 memtree)

val add:

t -> int > t

(Oé - ﬁ - a)[gv :|nt](addlist7 addtree)
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Changing implementations

val empty:
t (a)[o](empty,, ., empty, )
val is_empty:
t => bool (= V)[o, =pooll (is_empty,, ., is_empty, )
val mem:
t -> int -> bool (a — B 7)[07 :lnt7:Boo|](memliSt7 memtree)
val add:
t -> int > t (a =B a)[gvzlnt](addlistv addtree)
val if_empty:

t->'a->'a->"'a (V&a—=d—d—d)[o](if_empty,, ., if_empty, )
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Changing implementations

(«

a—f—a)

x(
x(
x(
x(

Vo.ao— 0 = 6 = 6))[0, =int, =Booll (L1 st Setiree)
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Abstraction

Given a type T with free variables a, 31, ..., 3,,:

VBy...V0, .V : 3a.T).Vy: (Fa.T).

Fy. 36. Jo C v x 4.
Ju : T, By, - By)- v : 116, By, - B
r=y < x = pack 7, u as T|A]
A y = pack 6, v as T[B]

A ﬂa,zﬁl,...,zﬁn](u, 'U)
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Parametricity

Given a type T with free variables o, 84, ..., 5,,:
VBy. .. VB, . Vo : (Va.T).
V. V6. Vp C v x 6.
ﬂp7 ::Bl’ eeey :,8 ](x[’Y]) I[(S])

n
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|dentity extension

Given a type T with free variables a, ..., a,,:

Voy...Va,, . Vo : T.Vy : T.
(IIZ =T y) Ang ﬂ:a17 i) :an](x7 y)
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Invariants
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Invariants

module Positive : sig
type t
val zero : t
val succ @ t —> t
val to_int : t — int
end = struct
type t = int
let zero =0
let succ x = x + 1
let to_int x = x
end
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Invariants

Represent an invariant ¢[x] on a type 7y as a relation p C v x :

plx:y,y:y) = (z=y) A ¢[7]
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Invariants

Given a type T with free variable «a:

Vf: (VaIla] — «a).
V. Vp Cy x . Vo : Ty
Tlpl(z, x) = p(fl]z, fl]x)
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Invariants

Note that:

open (pack 7, u as Ja. Tla]) as z, o in t

(Ao Az = Tlal. t) ] u

So:

Vp Cyx. Tpl(u,u) =
open (pack v, uas Ja. Tla]) as z, ain t,
4 )

open (pack v, uas Ja. Tla]) as x, ain t
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Phantom types
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Phantom types

module File : sig
type t
val open_readwrite : string —> t
val open_readonly : string —> t
val read : t —> string
val write : t —> string —> unit
end = struct
type t = int
let open_readwrite filename =
let open_readonly filename =
let read f =
let write f s =
end
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Phantom types

# let f = File.open_readonly "foo” in

File.write f "bar’”;;

Exception: Invalid_argument "write: file is read-only".
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Phantom types

module File : sig
type t
val open_readwrite : string —> t
val open_readonly : string —> t
val read : t —> string
val write : t —> string —> unit
end = struct
type t = int
let open_readwrite filename =
let open_readonly filename =
let read f =
let write f s =
end
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Phantom types

module File : sig
type readonly
type readwrite

type 'at

val open_readwrite : string —> readwritet

val open_readonly : string —> readonlyt

val read : 'at —> string

val write : readwritet —> string —> unit
end = struct

type readonly
type readwrite
type 'at = int
let open_readwrite filename =
let open_readonly filename =
let read f =
let write f s =
end
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Phantom types

# let f = File.open_readonly "foo” in

File.write f "bar”;;

Characters 51-52:
File.write f "bar";;

Error: This expression has type File.readonly File.t
but an expression was expected of type
File.readwrite File.t
Type File.readonly is not compatible with type
File.readwrite
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Phantom types

module Array : sig
type 'a t
val length : 'a t —> int
val set : 'a t — int —> "a —> unit
val get : 'a t —> int — 'a
end
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Phantom types

let search cmp arr v =
let rec look low high =
if high < low then None
else begin
let mid = (high + low)/2 in
let x = Array.get arr mid in

let res = cmp v x in
if res =0 then Some mid
else if res < 0 then look low (mid — 1)
else look (mid + 1) high
end
in

look 0 (Array.length arr)

34/ 48



Phantom types

# let arr = [|'a’;'b";'c’;'d "]
val arr : char array = [|'a’; 'b’; 'c’; 'd'|]
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Phantom types

# let arr = [|'a’;'b";'c’;'d "]
val arr : char array = [|'a’; 'b’; 'c’; 'd'|]

# let testl = search compare arr 'c';;
val testl : int option = Some 2
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Phantom types

# let arr = [|'a’;'b";'c’;'d "]
val arr : char array = [|'a’; 'b’; 'c’; 'd'|]

# let testl = search compare arr ’'c’
val testl : int option = Some 2

# let test2 = search compare arr 'a’';;
val test2 : int option = Some 0
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Phantom types

# let arr = [|'a’;'b";'c’;'d "]
val arr : char array = [|'a’; 'b’; 'c’; 'd'|]

# let testl = search compare arr 'c’
val testl : int option = Some 2

# let test2 = search compare arr 'a’';;
val test2 : int option = Some 0

# let test3 = search compare arr 'x'
Exception: Invalid_argument "index out of bounds".

1
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Phantom types

let search cmp arr v =
let rec look low high =
if high < low then None
else begin
let mid = (high + low)/2 in
let x = Array.get arr mid in
let res = cmp v x in
if res =0 then Some mid
else if res < 0 then look low (mid — 1)
else look (mid + 1) high
end
in
look 0 (Array.length arr)
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Phantom types

let search cmp arr v =
let rec look low high =
if high < low then None
else begin
let mid = (high + low)/2 in
let x = Array.get arr mid in
let res = cmp v x in
if res =0 then Some mid
else if res < 0 then look low (mid — 1)
else look (mid + 1) high
end
in
look 0 ((Array.length arr) - 1)

37/ 48



Phantom types

module Array : sig
type 'a t
val length : 'a t —> int
val set : 'a t — int —> "a —> unit
val get : 'a t —> int — 'a
end
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Phantom types

module BArray : sig
type ('s,’'a) t
type 's index

val last @ ('s, "a) t — s index
val set : ('s,’a) t — 's index —> 'a —> unit
val get : ('s,’a) t —> 's index —> 'a

end
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Phantom types

type 'a brand =
| Brand : ('s, 'a) t —> 'a brand
| Empty : "a brand

val brand : 'a array — 'a brand
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Phantom types

# let Brand x = brand [| b';
let Brand y = brand [| 'a’; 'b’'|] in
get y (last x);;

Characters 96-104:
get y (last x);;

Error: This expression has type s#1 BArray.index
but an expression was expected of type s#2 BArray.index
Type s#1 is not compatible with type s#2
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Phantom types

val
val

val
val

val

val
val

zero : 's index
last @ ('s, '"a) t —> 's index

index : ('s, 'a) t —> int —> 's index option

position : 's index —> int

middle : 's index —> 's index —> 's index
next : 's index —> 's index —> 's index option
previous : 's index —> 's index —>

s index option
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Phantom types

struct
type ('s,’a) t = 'a array

type 'a brand =
| Brand : ('s, 'a) t —> 'a brand
| Empty : "a brand

let brand arr =
if Array.length arr > 0 then Brand arr
else Empty

type 's index = int

let index arr i =
if i >0&& i < Array.length arr then Some i
else None
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Phantom types

let position idx = idx

let zero =0
let last arr = (Array.length arr) — 1
let middle idxl idx2 = (idx1l 4+ idx2)/2

let next idx limit =
let next = idx + 1 in
if next <= limit then Some next
else None

let previous limit idx =
let prev = idx — 1 in
if prev >= limit then Some prev
else None
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Phantom types

let set = Array.set

let get = Array.get
end
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Phantom types

let bsearch cmp arr v =
let open BArray in
let rec look barr low high =
let mid = middle low high in
let x = get barr mid in
let res = cmp v x in
if res =0 then Some (position mid)
else if res < 0 then
match previous low mid with
| Some prev —> look barr low prev
| None —> None
else
match next mid high with
| Some next —> look barr next high
| None —> None
in
match brand arr with
| Brand barr —> look barr zero (last barr)
| Empty —> None
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Phantom types

let set

let get

Array.unsafe_set

Array.unsafe_get
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Next time

GADTs
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Next time

GADTs

(First-class phantom types)
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