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Relational parametricity

We can give precise descriptions of parametricity and abstraction
using relations between types.

3/ 42



Definable relations

We define relations between types

p = (:L' : A,y : B)Qb[x’y]

where A and B are System F types, and ¢[z,y] is a logical formula
involving = and y.
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Definable relations

Logical connectives:
pu= oAy | oVY | o=
Universal quantifications:
¢pu= Vr:A¢ | VYa¢p | YVRCAXB.g
Existential quantifications:
¢pu= Fdx:A¢ | Ja¢p | FRCAXB.

Relations:

Term equality:
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Type substitution

Given:
» type T with free variables & = aq, ...,
> types A=Ay,..., A,

We define the type
T[A]
to be type T' with its free variables subtituted by A
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Relational substitution

Given:
» type T with free variables & = a4, ..., ,

» relations p =p; C A; X By,...,p,, CA,, X B,

We will define the relation:

T[5) ¢ T[A] x T[B]
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Relational substitution: free variables

If T is a; then
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Relational substitution: products

If Tis T’ xT” then

—

Tlp] = (x:T[A], y: T[B]).

T'[p)(fst(x), fst(y))
A T”[p|(snd(x), snd(y))
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Relational substitution: sums

If T is T/ +T” then

—

Tls = (¢:T[A], y: T[B]).
Fu’ T’[A] J’ : T'[B].
z=inl(u') A y=1inl(v")
A T'[pl(u’, V')

I T”[/Al] W T [B']

x = inr(u” ) Ay =inr(v”)
N T [pl(w”, v”)
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Relational substitution: functions

If Tis T — T” then

— —

Tlp] = (f:T[A], g:T[B]).
Vu: T'[A]. Vo : T'[B].
T'[p(u, v) = T"[p](f u, gv)
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Relational substitution: univerals

If T is VB.T’ then

—

T(p) = (x:T[A], y:T[B)).
V. V8. Vp' Cy x4.
T'[p, p')(x[7], yld])
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Relational substitution: existentials

If T is 35. T’ then

Tlp) = (a:T[A], y:T[B).
Fy. 3. 3p” €y x 4.
Ju:T'[A,~]. Jv: T'[B,6).
z = pack v, u as T[A]

A y = pack 6, v as T[B]
A T'[3,p'](u, v)

13/ 42



Relational substitution: example

System F encoding of lists:

List a=V8. = (a—=pF—p5)—0
nil, = AB. An:f. Acca—=F—= 6. n
cons, = Ax:a. Axs:List a.

AB. An:B. Ac:aa— B — B.
c x (xs [B] n ¢)
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Relational substitution: example

Given a relation p C A x B:

(Lista)(p] =
(x : ListA, y : ListB).
V. V8. Vp' Cy x 4.
(B = (a—= B = B) = Blp,p'l(z[], yld])
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Relational substitution: example

Given a relation p C A x B:

(Lista)[s] =
(x : ListA, y : ListB).
V. V6. Vp' C v x 6.
Vn:y.Vm:Jd.
Ve: A=~y —~v.Vd: B—d—9.
p’(n, m) =
(Va: A Yb: B.Vu:v.Vvu:d.
p(a,b) = p'(u,v) = p’(cau, dbv)) =
p'(x[y]ne, y[olmad)
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Relational substitution: example

If v =mnil, and y = nil z:

V. V8. Vp' Cy x 6.
Yn:y.Vm:J.
Ve:A—y—=~v.Vd: B—§— 0.
Va: AVu:v.Vb: BVv:~.
p'(n, m) =
(Va: A.Vb: B.Yu:~.Yv:d.
pla,b) = p’(u,v) = p’(cau, dbv)) =
p’ (nil 4[y]ne, nil g[d]md)
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Relational substitution: example

If v =mnil, and y = nil z:

V. V8. Vp' Cy x 6.

Yn:y.Vm:J.

Ve:A—y—=~v.Vd: B—§— 0.

Va: AVu:v.Vb: BVv:~.

p'(n, m) =
(Va: A.Vb: B.Yu:~.Yv:d.
pla,b) = p’(u,v) = p’(cau, dbv)) =
p'(n, m)
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Relational substitution: example

If x = cons il and y = consgjk:

V. V6. Vp' C vy x 6.
Vn:v.Vm:J.
Ve:A—vy—~v.Vd: B—§— 0.
p’(n, m) =
(Va:A.VYb: B.Vu:~. Yv:d.
pla,b) = p’(u,v) = p’(cau, dbv)) =

p’(cons z[y]ilnc, consgld]jkmd)
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Relational substitution: example

If x = cons il and y = consgjk:

V. V6. Vp' C vy x 6.
Vn:v.Vm:J.
Ve:A—vy—~v.Vd: B—§— 0.
p’(n, m) =
(Va:A.VYb: B.Vu:~. Yv:d.
pla,b) = p’(u,v) = p’(cau, dbv)) =
o (ci(i]ne), dj (k] md))
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Relational substitution: example

If x = cons il and y = consgjk:

V. V6. Vp' C vy x 6.
Vn:v.Vm:J.
Ve:A—vy—~v.Vd: B—§— 0.
p’(n, m) =
(Va:A.VYb: B.Vu:~. Yv:d.
pla,b) = p’(u,v) = p’(cau, dbv)) =
p(i,j) A p'(I[y]ne, k[ylmd)
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Relational substitution: example

If v =cons il and y = consgjk:

p(i,j) N (Liste)[p](l, k)
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Relational substitution: example

It can be shown that (List @)[p](x,y) holds iff = and y have the
same length and corresponding elements are related.
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Preservation of relations

Given a type T' with free variables «a, 84, ..., B,,:

n-

VpB;i....V6, Ve (Ya.T).
V. Vo. Vp C vy x 9.

T[p’ By :5n]<l‘[’y], $[6])
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Preservation of relations

Ignoring free variables:

Vo : (Va.T).
V. V4. Vp C vy xd.
Tlpl(z[y], [d])
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Preservation of relations

Any value with a universal type must preserve all type relations
between any two types that it can be instantiated with.
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Theorems for free
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Theorems for free

Parametricity applied to Va.ao — «:

Vf:(Va.a — a).
V. V6. Vp C vy x4.
Yu:7y. Yu:d.
plu, v) = p(fI]u, fl6]v)
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Theorems for free

Define a relation is,, to represent being equal to a value u : 7"

isu@j:T)y:T) = (33‘ =T U) A <y =T u)
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Theorems for free

Vf:(Va.a — a).
Vy.Vu .
is,, (u,u) = is,, (f[7]u, fv]u)
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Theorems for free
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Theorems for free

Parametricity applied to Va.List a — List a:

Vf: (Va.lista — Lista).
V. V6. Vp C vy x4.
Vu : List«y. Vo : Listd.
(List &) [p](u, v) = (Lista)[p](f[7]u, f[5]v)
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Theorems for free

Define a relation (g) to represent a function g: A — B

gz Ay:B) = (gr=pgy)
Note that

(List)[(g)](xs : List A,ys : List B) = (mapgxs = .+ B YS)
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Theorems for free

Vf: (Va.Llista — Lista).
V. V6. Vg:y—§
Vu : List«y. Vo : Listd.
(Lista)[{g)](u, v) = (List@)[(g)](T2] u, £16]0)
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Theorems for free

Vf: (Va.Listao — Lista).
Vvy. V6. Vg:y—4
Vu : List~y. Vo : Listd.
(mapgu=wv) = (mapg (fl7]u) = fld]v)
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Theorems for free

Vf: (Va.lista — Lista).
Vy. V0. Vg:v— 6

Vu : List~y. Vo : Listd.

map g (f[y]u) =

f16] (map g u)
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Terms and conditions apply



Terms and conditions apply

let f (x : 'a) : 'a =
Printf.printf "Lanch missiles\n";
X

let f (x : 'a) : 'a = raise Exit

let rec f (x : 'a) : 'a=f x
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Terms and conditions apply

Parametricity applied to Va.ao — o — Bool:

Vf: (VYa.a — o — Bool).
V. V6. Vp C v x 4.
Vu:y. Vo: 6. Vu' .V 1 4.
plu, v) = pu’, V') =
Bool[p(f[y]uu’, fld]vv’)
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Terms and conditions apply

Parametricity applied to Va.ao — o — Bool:

Vf: (Ya.a — o — Bool).
V. V6. Vp C v x 4.
Vu iy, Yo Vu' i . Vo' 1 4.
o, v) = p(u’, o) =
(fuw’ =poer fl0]v0)
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Terms and conditions apply

Vf:(Ya.ao — a — Bool).
V. V0.
Vu:y. Yo Vu' . Vo' 1 6.
(fIuw’ =goor fl0]v0")
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Terms and conditions apply

val (=) : 'a —> 'a — bool
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