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Relational parametricity

We can give precise descriptions of parametricity and abstraction
using relations between types.
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Definable relations

We define relations between types

𝜌 ∶∶= (𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵).𝜙[𝑥, 𝑦]

where A and B are System F types, and 𝜙[𝑥, 𝑦] is a logical formula
involving 𝑥 and 𝑦.
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Definable relations
Logical connectives:

𝜙 ∶∶= 𝜙 ∧ 𝜓 | 𝜙 ∨ 𝜓 | 𝜙 ⇒ 𝜓

Universal quantifications:

𝜙 ∶∶= ∀𝑥 ∶ 𝐴.𝜙 | ∀𝛼.𝜙 | ∀𝑅 ⊂ 𝐴 × 𝐵.𝜙

Existential quantifications:

𝜙 ∶∶= ∃𝑥 ∶ 𝐴.𝜙 | ∃𝛼.𝜙 | ∃𝑅 ⊂ 𝐴 × 𝐵.𝜙

Relations:
𝜙 ∶∶= 𝑅(𝑡, 𝑢)

Term equality:
𝜙 ∶∶= (𝑡 =𝐴 𝑢)
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Type substitution

Given:
▶ type 𝑇 with free variables ⃗⃗ ⃗⃗𝛼 = 𝛼1, … , 𝛼𝑛
▶ types ⃗⃗ ⃗⃗ ⃗⃗𝐴 = 𝐴1, … , 𝐴𝑛

We define the type
𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴]

to be type 𝑇 with its free variables subtituted by ⃗⃗ ⃗⃗ ⃗⃗𝐴.

6/ 42



Relational substitution

Given:
▶ type 𝑇 with free variables ⃗⃗ ⃗⃗𝛼 = 𝛼1, … , 𝛼𝑛
▶ relations ⃗𝜌 = 𝜌1 ⊂ 𝐴1 × 𝐵1, … , 𝜌𝑛 ⊂ 𝐴𝑛 × 𝐵𝑛

We will define the relation:

𝑇 [ ⃗𝜌] ⊂ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴] × 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]
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Relational substitution: free variables

If 𝑇 is 𝛼𝑖 then
𝑇 [ ⃗𝜌] = 𝜌𝑖
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Relational substitution: products

If 𝑇 is 𝑇 ′ × 𝑇 ″ then

𝑇 [ ⃗𝜌] = (𝑥 ∶ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴], 𝑦 ∶ 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]).
𝑇 ′[ ⃗𝜌](𝑓𝑠𝑡(𝑥), 𝑓𝑠𝑡(𝑦))
∧ 𝑇 ″[ ⃗𝜌](𝑠𝑛𝑑(𝑥), 𝑠𝑛𝑑(𝑦))
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Relational substitution: sums

If 𝑇 is 𝑇 ′ + 𝑇 ″ then

𝑇 [ ⃗𝜌] = (𝑥 ∶ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴], 𝑦 ∶ 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]).
∃𝑢′ ∶ 𝑇 ′[ ⃗⃗ ⃗⃗ ⃗⃗𝐴]. ∃𝑣′ ∶ 𝑇 ′[ ⃗⃗⃗ ⃗⃗𝐵].

𝑥 = 𝑖𝑛𝑙(𝑢′) ∧ 𝑦 = 𝑖𝑛𝑙(𝑣′)
∧ 𝑇 ′[ ⃗𝜌](𝑢′, 𝑣′)

∨
∃𝑢″ ∶ 𝑇 ″[ ⃗⃗ ⃗⃗ ⃗⃗𝐴]. ∃𝑣″ ∶ 𝑇 ″[ ⃗⃗⃗ ⃗⃗𝐵].

𝑥 = 𝑖𝑛𝑟(𝑢″) ∧ 𝑦 = 𝑖𝑛𝑟(𝑣″)
∧ 𝑇 ″[ ⃗𝜌](𝑢″, 𝑣″)
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Relational substitution: functions

If 𝑇 is 𝑇 ′ → 𝑇 ″ then

𝑇 [ ⃗𝜌] = (𝑓 ∶ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴], 𝑔 ∶ 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]).
∀𝑢 ∶ 𝑇 ′[ ⃗⃗ ⃗⃗ ⃗⃗𝐴]. ∀𝑣 ∶ 𝑇 ′[ ⃗⃗⃗ ⃗⃗𝐵].

𝑇 ′[ ⃗𝜌](𝑢, 𝑣) ⇒ 𝑇 ″[ ⃗𝜌](𝑓 𝑢, 𝑔 𝑣)
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Relational substitution: univerals

If 𝑇 is ∀𝛽.𝑇 ′ then

𝑇 [ ⃗𝜌] = (𝑥 ∶ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴], 𝑦 ∶ 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]).
∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.

𝑇 ′[ ⃗𝜌, 𝜌′](𝑥[𝛾], 𝑦[𝛿])
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Relational substitution: existentials

If 𝑇 is ∃𝛽.𝑇 ′ then

𝑇 [ ⃗𝜌] = (𝑥 ∶ 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴], 𝑦 ∶ 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]).
∃𝛾. ∃𝛿. ∃𝜌′ ⊂ 𝛾 × 𝛿.

∃𝑢 ∶ 𝑇 ′[ ⃗⃗ ⃗⃗ ⃗⃗𝐴, 𝛾]. ∃𝑣 ∶ 𝑇 ′[ ⃗⃗⃗ ⃗⃗𝐵, 𝛿].
𝑥 = pack 𝛾, 𝑢 as 𝑇 [ ⃗⃗ ⃗⃗ ⃗⃗𝐴]
∧ 𝑦 = pack 𝛿, 𝑣 as 𝑇 [ ⃗⃗⃗ ⃗⃗𝐵]
∧ 𝑇 ′[ ⃗𝜌, 𝜌′](𝑢, 𝑣)
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Relational substitution: example

System F encoding of lists:
L i s t 𝛼 = ∀𝛽. 𝛽 → (𝛼 → 𝛽 → 𝛽) → 𝛽

n i l 𝛼 = Λ𝛽. 𝜆n : 𝛽. 𝜆c : 𝛼 → 𝛽 → 𝛽. n

cons𝛼 = 𝜆x : 𝛼. 𝜆xs : L i s t 𝛼.
Λ𝛽. 𝜆n : 𝛽. 𝜆c : 𝛼 → 𝛽 → 𝛽.

c x ( xs [ 𝛽 ] n c )
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Relational substitution: example

Given a relation 𝜌 ⊂ 𝐴 × 𝐵:

(List 𝛼)[𝜌] =
(𝑥 ∶ 𝐿𝑖𝑠𝑡𝐴, 𝑦 ∶ 𝐿𝑖𝑠𝑡𝐵).

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
(𝛽 → (𝛼 → 𝛽 → 𝛽) → 𝛽)[𝜌, 𝜌′](𝑥[𝛾], 𝑦[𝛿])
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Relational substitution: example

Given a relation 𝜌 ⊂ 𝐴 × 𝐵:

(List 𝛼)[𝜌] =
(𝑥 ∶ 𝐿𝑖𝑠𝑡𝐴, 𝑦 ∶ 𝐿𝑖𝑠𝑡𝐵).

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌′(𝑥[𝛾]𝑛𝑐, 𝑦[𝛿]𝑚𝑑)
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Relational substitution: example

If 𝑥 = 𝑛𝑖𝑙𝐴 and 𝑦 = 𝑛𝑖𝑙𝐵:

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.
∀𝑎 ∶ 𝐴.∀𝑢 ∶ 𝛾. ∀𝑏 ∶ 𝐵.∀𝑣 ∶ 𝛾.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌′(𝑛𝑖𝑙𝐴[𝛾]𝑛𝑐, 𝑛𝑖𝑙𝐵[𝛿]𝑚𝑑)
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Relational substitution: example

If 𝑥 = 𝑛𝑖𝑙𝐴 and 𝑦 = 𝑛𝑖𝑙𝐵:

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.
∀𝑎 ∶ 𝐴.∀𝑢 ∶ 𝛾. ∀𝑏 ∶ 𝐵.∀𝑣 ∶ 𝛾.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌′(𝑛, 𝑚)
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Relational substitution: example

If 𝑥 = 𝑐𝑜𝑛𝑠𝐴 𝑖 𝑙 and 𝑦 = 𝑐𝑜𝑛𝑠𝐵 𝑗𝑘:

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌′(𝑐𝑜𝑛𝑠𝐴[𝛾] 𝑖 𝑙𝑛𝑐, 𝑐𝑜𝑛𝑠𝐵[𝛿] 𝑗𝑘𝑚𝑑)
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Relational substitution: example

If 𝑥 = 𝑐𝑜𝑛𝑠𝐴 𝑖 𝑙 and 𝑦 = 𝑐𝑜𝑛𝑠𝐵 𝑗𝑘:

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌′(𝑐 𝑖 (𝑙[𝛾]𝑛𝑐), 𝑑 𝑗 (𝑘[𝛾]𝑚𝑑))
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Relational substitution: example

If 𝑥 = 𝑐𝑜𝑛𝑠𝐴 𝑖 𝑙 and 𝑦 = 𝑐𝑜𝑛𝑠𝐵 𝑗𝑘:

∀𝛾. ∀𝛿. ∀𝜌′ ⊂ 𝛾 × 𝛿.
∀𝑛 ∶ 𝛾. ∀𝑚 ∶ 𝛿.
∀𝑐 ∶ 𝐴 → 𝛾 → 𝛾. ∀𝑑 ∶ 𝐵 → 𝛿 → 𝛿.

𝜌′(𝑛, 𝑚) ⇒
(∀𝑎 ∶ 𝐴. ∀𝑏 ∶ 𝐵. ∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.

𝜌(𝑎, 𝑏) ⇒ 𝜌′(𝑢, 𝑣) ⇒ 𝜌′(𝑐 𝑎𝑢, 𝑑 𝑏𝑣)) ⇒
𝜌(𝑖, 𝑗) ∧ 𝜌′(𝑙[𝛾]𝑛𝑐, 𝑘[𝛾]𝑚𝑑)
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Relational substitution: example

If 𝑥 = 𝑐𝑜𝑛𝑠𝐴 𝑖 𝑙 and 𝑦 = 𝑐𝑜𝑛𝑠𝐵 𝑗𝑘:

𝜌(𝑖, 𝑗) ∧ (List 𝛼)[𝜌](𝑙, 𝑘)
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Relational substitution: example

It can be shown that (List 𝛼)[𝜌](𝑥, 𝑦) holds iff 𝑥 and 𝑦 have the
same length and corresponding elements are related.

23/ 42



Preservation of relations

Given a type 𝑇 with free variables 𝛼, 𝛽1, … , 𝛽𝑛:

∀𝛽1. … ∀𝛽𝑛.∀𝑥 ∶ (∀𝛼.𝑇 ).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

𝑇 [𝜌, =𝛽1
, … , =𝛽𝑛

](𝑥[𝛾], 𝑥[𝛿])
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Preservation of relations

Ignoring free variables:

∀𝑥 ∶ (∀𝛼.𝑇 ).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

𝑇 [𝜌](𝑥[𝛾], 𝑥[𝛿])
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Preservation of relations

Any value with a universal type must preserve all type relations
between any two types that it can be instantiated with.
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Theorems for free

27/ 42



Theorems for free

Parametricity applied to ∀𝛼.𝛼 → 𝛼:

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿.
𝜌(𝑢, 𝑣) ⇒ 𝜌(𝑓[𝛾] 𝑢, 𝑓[𝛿] 𝑣)
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Theorems for free

Define a relation is𝑢 to represent being equal to a value 𝑢 ∶ 𝑇 :

is𝑢(𝑥 ∶ 𝑇 , 𝑦 ∶ 𝑇 ) = (𝑥 =𝑇 𝑢) ∧ (𝑦 =𝑇 𝑢)
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Theorems for free

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼).
∀𝛾.∀𝑢 ∶ 𝛾.

is𝑢(𝑢, 𝑢) ⇒ is𝑢(𝑓[𝛾]𝑢, 𝑓[𝛾]𝑢)
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Theorems for free

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼).
∀𝛾.∀𝑢 ∶ 𝛾.

𝑓[𝛾] 𝑢 =𝛾 𝑢
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Theorems for free

Parametricity applied to ∀𝛼.List 𝛼 → List 𝛼:

∀𝑓 ∶ (∀𝛼.List 𝛼 → List 𝛼).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

∀𝑢 ∶ List 𝛾. ∀𝑣 ∶ List 𝛿.
(List 𝛼)[𝜌](𝑢, 𝑣) ⇒ (List 𝛼)[𝜌](𝑓[𝛾] 𝑢, 𝑓[𝛿] 𝑣)
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Theorems for free

Define a relation ⟨𝑔⟩ to represent a function 𝑔 ∶ 𝐴 → 𝐵

⟨𝑔⟩(𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵) = (𝑔 𝑥 =𝐵 𝑦)
Note that

(List 𝛼)[⟨𝑔⟩](𝑥𝑠 ∶ 𝐿𝑖𝑠𝑡 𝐴, 𝑦𝑠 ∶ 𝐿𝑖𝑠𝑡 𝐵) = (map 𝑔 𝑥𝑠 =𝐿𝑖𝑠𝑡 𝐵 𝑦𝑠)
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Theorems for free

∀𝑓 ∶ (∀𝛼.List 𝛼 → List 𝛼).
∀𝛾. ∀𝛿. ∀𝑔 ∶ 𝛾 → 𝛿

∀𝑢 ∶ List 𝛾. ∀𝑣 ∶ List 𝛿.
(List 𝛼)[⟨𝑔⟩](𝑢, 𝑣) ⇒ (List 𝛼)[⟨𝑔⟩](𝑓[𝛾] 𝑢, 𝑓[𝛿] 𝑣)
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Theorems for free

∀𝑓 ∶ (∀𝛼.List 𝛼 → List 𝛼).
∀𝛾. ∀𝛿. ∀𝑔 ∶ 𝛾 → 𝛿

∀𝑢 ∶ List 𝛾. ∀𝑣 ∶ List 𝛿.
(map 𝑔 𝑢 = 𝑣) ⇒ (map 𝑔 (𝑓[𝛾] 𝑢) = 𝑓[𝛿] 𝑣)
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Theorems for free

∀𝑓 ∶ (∀𝛼.List 𝛼 → List 𝛼).
∀𝛾. ∀𝛿. ∀𝑔 ∶ 𝛾 → 𝛿

∀𝑢 ∶ List 𝛾. ∀𝑣 ∶ List 𝛿.
map 𝑔 (𝑓[𝛾] 𝑢) = 𝑓[𝛿] (map 𝑔 𝑢)
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Terms and conditions apply
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Terms and conditions apply

l e t f ( x : ’ a ) : ’ a =
P r i n t f . p r i n t f ” Lanch m i s s i l e s \n ” ;
x

l e t f ( x : ’ a ) : ’ a = r a i s e E x i t

l e t rec f ( x : ’ a ) : ’ a = f x
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Terms and conditions apply

Parametricity applied to ∀𝛼.𝛼 → 𝛼 → Bool:

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼 → Bool).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿. ∀𝑢′ ∶ 𝛾. ∀𝑣′ ∶ 𝛿.
𝜌(𝑢, 𝑣) ⇒ 𝜌(𝑢′, 𝑣′) ⇒

𝐵𝑜𝑜𝑙[𝜌](𝑓[𝛾] 𝑢 𝑢′, 𝑓[𝛿]𝑣𝑣′)
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Terms and conditions apply

Parametricity applied to ∀𝛼.𝛼 → 𝛼 → Bool:

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼 → Bool).
∀𝛾. ∀𝛿. ∀𝜌 ⊂ 𝛾 × 𝛿.

∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿. ∀𝑢′ ∶ 𝛾. ∀𝑣′ ∶ 𝛿.
𝜌(𝑢, 𝑣) ⇒ 𝜌(𝑢′, 𝑣′) ⇒

(𝑓[𝛾] 𝑢 𝑢′ =𝐵𝑜𝑜𝑙 𝑓[𝛿]𝑣𝑣′)
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Terms and conditions apply

∀𝑓 ∶ (∀𝛼.𝛼 → 𝛼 → Bool).
∀𝛾. ∀𝛿.

∀𝑢 ∶ 𝛾. ∀𝑣 ∶ 𝛿. ∀𝑢′ ∶ 𝛾. ∀𝑣′ ∶ 𝛿.
(𝑓[𝛾] 𝑢 𝑢′ =𝐵𝑜𝑜𝑙 𝑓[𝛿]𝑣𝑣′)
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Terms and conditions apply

va l (=) : ’ a −> ’ a −> boo l
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