Last time

System Fw

K1 is a kind K> is a kind
K1 = K5 is a kind

=-kind

I’I—A::K1:>K2

Maoa:KiHA:: K Lint - B: K
FAcK A K=K ™%  TraB- K,

=-elim

(and encoding data types: 1, 2, N, +, lists, nested types and =)
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This time

r=m:7
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What is type inference?

# fun f g x —> f (g x);;
—: ('a—=> "b) > ('c = "a) = '¢c = 'b = <fun>
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Goal
succinctness of annotation-free code
+
safety and expressiveness of System Fw
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Goal
succinctness of annotation-free code

+
safety and expressiveness of System Fw

Bad news
the goal is unachievable
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The ML calculus



Prenex quantifification

Va.ao = «

Vavp.ao — (8 — B)

Va.(VB. — B) = «

Va.ao — (VB.8 — B)

Let-bound polymorphism
let id = fun x —> x

in id id

let id x = x
in id id

let f id = id id
in f (fun x — x)

(fun id — id id)
(fun x — x)
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Prenex quantifification Let-bound polymorphism

Voo o/ let id = fun x —> x

in id id
Va¥VB.ao — (B — B) v
Va.(VB.6 — B) > a X let id x = x

in id id
Va.a — (V8.8 —B) X v

let f id = id id
in f (fun x —> x)
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(fun id — id id)
(fun x —> x)
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Types and schemes

i B-types

- Bis a type M= Ais a type

[ Bis a type

aer i —-types
-t
I'I—aisatypeaypes FFA-Bisatype
Mok A:x
scheme

= Va.Ais a scheme
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Environments

[ is an environment
S is a scheme
I,x:S is an environment

- IS an environment

[ is an environment
', is an environment
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Typing rules for —

Mx:AFM:B rN-M:A—-B

TFa.M:A B - ntro THEN:A
T-MN:B

—-elim
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Typing rules for schemes

rN=M: A a ¢ fv(lh) Ix:Va.A-N:B

Fl-letx = MinN : B scheme-intro

x:Va.AeTl
FT-B:x (for B€B)
[+ x: Ala = B]

scheme-elim
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Milner's algorithm
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Substitutions

{Oq — Al, ap > A2, . O An}

For example, let
obe{a— B, g~ (B— B)}
Abea— 8 —«

Then
oAis B — (B— B) = B.

If
oA =B (for some o)
then we say
B is a substitution instance of A.
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Constraints

a=p
a—pB=B—=p
B=B
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Unification

unify : ConstraintSet — Substitution

anify(0) = [
unify({A = A} U C) = unify(C)

unify({a = A} U C) = unify([a — A]C) o [a — A]
when « ¢ ftv(A)

unify({A = a} U C) = unify([a — A]C) o [a — A]
when « ¢ ftv(A)

unify({A — B=A"— B'} U C) = unify{A=A,B=B'}uU ()
unify({A = B} U C) = FAIL
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Algorithm J

J : Environment x Expression — Type
J (I, X x.M) =8—= A J (T, x) = Ala:=73]
where A = J (I',x:5, M) where T (x) = Va.A
and [ is fresh and B are fresh
J(r, MN) =5 J (', let x=MinN) =B
where A = J (', M) where A = J (', M)
and B =1J (I', N) and B =1J (I ,x:Va.A, N)
and unify ' ({A = B— 3}) and @ = ftv(A) \ ftv(IN)
succeeds

and [ is fresh
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in
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J(-, M. M. f x) = p1—= 62— 53
J(-,f:ﬁl, Ax. f X) = ﬂ2—>ﬁ3
J(-, f:81,x: 62, T x) =03
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in

let id = Ay.y in
apply id) =

J(-, A Ax L f X) = ,31—),32—>B3

J(-,f:ﬁl, Ax. f X) = ﬂ2—>ﬁ3

J(-. f:Br.x:B2, f x) = B3

J(- f:Br,x: B2, f) = B

J(- f:B1,x:B2, x) = B

unify ({1 = B2 = fB3}) =
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
J(-, A Ax . f X) = ,31—),32—>B3
J(-,f:ﬁl, Ax . f X) = ﬂ2—>ﬁ3
J(-, f:81,x: 62, T x) =03
J(-, f:p1.,x: P2, f) = (1
J(- f: B, x: B2, x) = B
unify ({81 = B2 = B3}) = {f1 = B2 — B3}
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
J(-, M. Xx.f x) = (Ba—F3) = B2— B3
J(-,f:ﬁ2—>,83, Ax . f X) = 52—),83
J(-.f:Ba—= B3, x:p2, f x) =P
J(- f: B = B3, x: B2, f) = Bo— B3
J(- f:B— B3, x: B2, x) = fo
unify ({1 = B2 — B3}) = {H1 = B2 — B3}
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Algorithm J in action
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{B2. B3}t \ {} = {B2, B3}

26/ 48



Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
J(-, A Ax . f X) = (52—)53)—)52—)53
J(- apply :VB2B3. (B2 — B3)— B2 — B3,
let id = Ay.y in apply id) =

27/ 48



Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
J(-, M. Xx.f x) = (Ba—F3) = B2— B3
J(- apply :VB2B3. (B2 — B3)— B2 — B3,
let id = Ay.y in apply id) =
J(-. apply Y3283 . (B2 — B3)— B2 — B3,
Ay.y) =

28/ 48



Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) =
J(-, M. Xx.f x) = (Ba—F3) = B2— B3
J(- apply :VB2B3. (B2 — B3)— B2 — B3,
let id = Ay.y in apply id) =
J(-. apply Y3283 . (B2 — B3)— B2 — B3,
AY.y) = Ba— PBa

J(- apply:VB2B3. (B2 — B3)— Bo— [3.y: P4,

= fa

29/ 48



Algorithm J in action
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Algorithm J in action
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Algorithm J in action

unify ({(Bs = B7)—= Be — P7 = (Bs = Ps) — Bs})
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Algorithm J in action

unify ({(Bs = B7)—= Be — P7 = (Bs = Ps) — Bs})
= unify ({f6e — 7 = Bs — P8,

Be — 7 = Bs})
= unify ({Bs = Bs,
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= {Bs — Bs., Br — Pg. Ps — P6— b7}
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Algorithm J in action

J(-, let apply = AMf.Ax.f x in
let id = Ay.y in
apply id) = fg— s
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Type inference in practice
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Type inference and recursion

Mx:AFEM:A a ¢ fv(lh) M x:Va.A-N:B
[-letrecx=MinN:B

let-rec
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Supporting imperative programming: the value restriction

type 'a ref = { mutable contents : 'a }
val ref : "a —> 'a ref
val (! ) : 'a ref — 'a
val (:=) : "a ref —> 'a —> unit
let r = ref None in

r := Some "boom";

match !r with

None —> ()

| Some f — f ()
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Relaxing the value restriction: variance

type 'a printer

('a—> 'b) —> 'a printer —> 'b printer

—

'a —> string

printer

list

printer

list
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Relaxing the value restriction: the rules

Should we generalize?

> covariant type variables
> invariant type variables
> contravariant type variables

> bivariant type variables
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Next time

rN-mM:A—B rN-A—-B
Fr-EN:A r-A
rN-=MN:B =B
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