!
Tt ol Tnme ke a//ﬁ(l}
Calculus of bijections

» A=A ,A=B — B=2A, (A=BAB=C) — A=C

» If A= XandB =Y then
PA)=PX) , AxB=XxY , AuB=XWY ,

Rel(A,B) = Rel(X,Y) , (A=B)= (X=Y) ,
(A=B)=(X=Y) , Bij(A,B)=BijX,Y)

— 207 —



Mmewsvad L3w's
OJWA=A, AUB)UWC=ZAWU(BWC) , AUB=BUWA
strobu bive  lawe
O xA=[0 , (AUB)xC=(AxC)W (B xC

4 _ bd. a4
A:>[1])%:1:,(Aé(BxC))E(A:HB)x(&C C) ¢

(

(0] = A) =[], ((A&JB)#C)E(AéC)x(BéC’)}Jb
M=A)=A, (AxB)=C) = (A= (B= ()
(A=B)= (A= (BW[1])) ag (”)“’

P(A) = (A = [2])

— 7;MKR —



Characteristic (or indicator) functions
P(A) = (A=1[2])

A = > (p>027)

—
SCA — (\aeA.yjaéS%4W0

gaéAl %@:43 & 7[) Z\ 4‘%&"3/
,fuuofré'/\,
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Finite cardinality 204

Definition 133 A set A is said to be finite whenever A =

somen € N, in which case we write #A = n.

91 —



Theorem 134 For all m,n € N,

1. P([n]) = [2"]

911



Infinity axiom

There is an infinite set, containing () and closed under successor.

919




Bijections

Proposition 135 For a function f : A — B, the following are
equivalent.

1. f Is bijective.

2.VbeB.d'lae A.f(a) :b".{;YiS/l:ENOQ N\:Uljé(‘.fer\l

3. (Vb eB.3ae A.f(a) =b)
/\

(Va1, a € A.fla) =flay) = a; = az)
UNTAUENESS ~~ SULTECTiOR

919



Surjections

Definition 136 A function f : A — B is said to be surjective, or a
surjection, and indicated f : A — B whenever

Vbe B.dae A.fla)=Db .

B pude
- SPereh) acA) =38

14§ ves| Bach. b= f @)
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Theorem 137 The identity function is a surjection, and the
composition of surfjections yields a surjection.

The set of surjections from A to B is denoted
Sur(A, B)
and we thus have

Bij(A,B) C Sur(A,B) € Fun(A,B) € PFun(A,B) C Rel(A,B) .

— 929195 —



Enumerability

Definition 139

1. Aset A is said to be enumerable whenever there exists a
surjection N — A, referred to as an enumeration.

2. A countable set is one that is either empty or enumerable.

Ak ; e:N—>A Cnuvv\ﬁa/(b;, A AS
T A, e, ey, (M)

L

{@CV\)IVLGN%:.A.
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Injections

Definition 142 A function f : A — B is said to be injective, or an
Injection, and indicated f : A — B whenever

(/ Va;,a; € A. (f((l]) — f(az)) — a1 =a; .

Tha: L produan & 'copy! | A wgdL B .
} poduss & ey’ of "5y

a—

S fa)|e eAT=A




Theorem 143 The identity function is an injection, and the compo-
sition of injections yields an injection.

The set of injections from A to B is denoted

Inj(A, B)
and we thus have

Sur(A, B)

¢ &

Z

Bij(A, B) Fun(A,B) € PFun(A,B) C Rel(A,B)

S
A &

Inj(A, B)

with

Bij(A,B) = Sur(A,B)NInj(A, B)

— 9992



o DwecT IMAGE Hunctisus
F:AB s TP - PE)

SCA > J(s)=§ f(«)€B| 257 2B

\
A . T, g {beB|DacS. bafum)




o\w@/‘o%

@ TWVeERPE MALE ﬂ fuwhswarfjd Lfé/)
f:AB o] BB) = O




Relational images

Definition 147 LetR : A —+— B be a relation.

» Thedirectimage of X C A under R is the set?(X) C B, defined
as

R(X) = {beB|3xecX.xRb} .

Coufare mwui Afinibon vf direct” mo4e
#»r ,fw\c,hmg

NB This construction yields a function ? : P(A) — P(B).
— 225 —



» Theinverse image of Y C B underR is the set?(Y) C A,
defined as

R(Y) = {acA|VbeB.aRb — beY)

)

T ExghofE  Shaw that fn & funchadl relahov
'/Kjtm de\‘W'Fm« eotn des il et ?4

the Wy iw\e/g( 4 4 %&noﬁml

NB This construction yields a function ? : P(B) — P(A).

- 99 ——



Replacement axiom

The direct image of every definable functional property
on a set is a set.

gwm on’ imotexem}’pe;k T sd a mopping
T — Ac

We hert ¢ _S__@:
A lieTd=§ x| Biel. Xx=Ail

- 997



Set-indexed constructions

For every mapping associating a set A; to each element of a set I,
we have the set

U At = U{Ailiel} = {alJielacA} .
Examples:

1. Indexed disjoint unions:
L"jiel Ay = Uiel 1 x A4

2. Finite sequences on a set A:

AY = e A"

— 228 —



Foundation axiom

The membership relation is well-founded.

Thereby, providing a

Principle of e-Induction .

- 9925



