Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M]:[T] — [7]

is a well-defined continous function.
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Denotations of closed terms

For a closed term M € PCF -, we get

[0 M] : [0] — [7]

and, since [0] = { L }, we have

[M] = [0F M](L) € [7]

(M € PCF,)
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M %p ﬂwﬁucjiﬂi,

Compositionality

if [T

&%f M= kMY [P Y— 7(1’z7jafz74>

=7 //’q"fff :ZJ;KP/—FJ?([M)],I;[/P/’J——?FZ@

- M =

[T+ C|

[T

- M ] =

ﬁT]]

M| = [I"F ClM]]

Proposition. For all typing judgements ' = M : T and
- I' = M" : 7, and all contexts C|—] such that "' = C[M
andl" = C[M'] : 1

] of)= )
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Soundness

Proposition. For all closed terms M,V € PCF,,
if M.V then [M] =1[V] € [7] .

@@Q(BQMMJ«&%%« AMM'ij\/ Vv

M ol et M)V
M < My MZ\U/\/ "




By Ao |
o [MY=lpar'd =Nd 1] [zpd]

P A/({Eé'b 7o V&
® ﬁ L W/ﬂ |/ E[[\/j/ / ey
e _/

e ns )= [ (03) A '] WW’@




Substitution property

Proposition. Suppose that1' = M : 7 and that
Clz— 7] M’ : 7/, sothat we also have I' = M'[M /x| : 7'

Then,
[T = M'[M/x]] (p) —
— [T[z— 7] - M| (p[x — [T+ M]])

forall p € [I].
g?) e Sy 15 e b

i e gt 0 ki
N\ %(Ac@/ﬁm
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Substitution property

Proposition. Suppose that1' = M : 7 and that
Clz— 7] M’ : 7/, sothat we also have I' = M'[M /x| : 7'

Then,
[T M [M/=]] (p)
= [Tz — 7] - M| (p|z — [T+ M]])

forall p € [I].

In particular when I' = 0, [{x — 7) & M'] : [r] — [7'] and
|M'[M/z]| = [(z— 1) = M ([M])
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Topic 7

Relating Denotational and Operational Semantics
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V a value

HMH:HVHEHWH:M@V-\%W%
4 kot )
belh o i o™
<
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V a value

Ml =[V]el] = My, V.

NB. Adequacy does not hold at function types:

fnz:7.(fny:17.y)x] = [fmx:7.2] :|7] = [7]

DETR YL | Ly rud) M
N[l X [104] e d
)d (Vﬂj L ﬂHU)@ﬂj[’mO‘w —Nid




Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V a value

M} =1V]elh] =— M, V.

NB. Adequacy does not hold at function types:
fnz:7.(hy:7.y)x] = [Mma:7.2] :|7]—|7]

but
fnx:7.(hy:7y)z }f._. a7
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

> Consider M tobe M; My, fix(M’).
[Z"My;[[/\/@g[‘ﬂy = /Mﬂy\/ ’D/‘@mw{.

sey M=habe o of fracha %
s Y (1) W(M’A'Lj V“WK 0
Tha o P wm/ﬂf(ﬁm Y.




Adequacy proof idea - ,
e AL ﬁ W0 dfx\

equacy statementby a G

structure of terms.  [foaf™ éMA&C?,

» Consider M tobe My M,, fix(M"). 1, &

1. We cannot proceed to prove the
straightforward induction on t

2. S0 we proceed to proye a stronger statement that applies to
terms of arbitrary tyges and implies adequacy.

This statement royghly takes the form:

/\\[[\M | < /\// for all types 7 and all ]\,4 e PCF, | Jlu g1ﬂl V‘”‘)‘L

where the formal|approximation relations 7 el M )
WW \“\ \ [yt
ﬁpﬁ o"al <dr C 7] x PCF, ,;_X(D @WA?A

are logically chosen to allow a proof by induction.
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Requirements on the formal approximation relations, |

We want that, for v € {nat, bool },

[M] <, M implies \VV (M]=[V] = M|, V)

J/

N

adequacy

7= ok
N4t M7
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Yol K.
[{9@@]‘@ 7) VLQ%/ >

Definitionof d <1, M (d € [y], M € PCF,)

B\
for v € {nat, bool} i%\*“
D)
N
n <pat M & (neN = Ml,,, succ™(0)) //)\

b <ot M S (b = true = M |,,,; true)

& (b= false = M |,,,; false)

X
SUPX () ot M = (TRY=T0 Y 2 MYV N
J



Proof of: [M| <, M implies adequacy

Case v = nat.

[M] = [V]
—> [M] = [succ”(0)] forsomen € N
— n=|M] <\ M

— M |} succ”(0) by definition of <1,,4¢

Case v = bool is similar.
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fout Yo prore [M)<tz M fr A z by W ol

r,ﬁd}/lé—’% VJAJ/\/. FA) ag MW

=T
Requirements on the formal approximation relations, Il

We want to be able to proceed by induction.

?2 e Mo

ider the case M = M MQ_/
't ~ logical definiti
)(M{y Sesr M [}/ll@ 46 7/‘% ogical definition

—_—

[%Ml@ () W
A T M, M My o Ree
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