Contextual equivalence

Two phrases of a programming language are
If any occurrences of the first phrase in a

complete program can be replaced by the second phrase

without affecting the observable results of executing the

program.
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Contextual equivalence of PCF terms

Given PCF terms My, M, PCF type T, and a type é

environment I', the relation |I' = My S Mo @ T
is defined to hold iff

e Boththe typingsI' = M7 : Tand I' = M5 : 7 hold.

thich C|M;] and C|M>] are suwdl
clos € 7y, where v = nat ory = bool, %W

and for all values V' : , G f C

CIMi) I,V & CIMa] ., V. @ @

|
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PCF denotational semantics — aims

e PCFtypes 7 +> domains |T].

e Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

e Compositionality.

In particular: [M] = [M'] = [C|M]] = [C[M]].
Y =(m'Y
[ecw) = (et
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M']].

Soundness.

Foranytype 7, M |}V = [M] = [[V]]é[[‘%:lj
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M']].

Soundness.
Foranytype 7, M ||V = [M] = [V].

Adequacy.
For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types T and closed terms My, My € PCF .,

if [M1] and [ M>] are equal elements of the domain | 7], then
M 1 gctx M2 . T.

NV = [6MIY =0V rug =)
= [e0W=VY  fepny=fem

= G mI v
; Falhst M sche My

My Lot M2 G My E.oleMy A My St My




Proof principle

To prove

My =cex Mo =7 )L/M((U = [EMZ?A

it suffices to establish

- M[.c:\-:ofxm‘z_

[M;] = [Mz] in [7]
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Proof principle

To prove
M1 gctx M2 . T

it suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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Qjawl\'wla«r,/}» Uocd M 4] tﬂﬂlz/ Ml ez
§ fo P goT, ﬂ?]e(m;cg’zﬂ) Hint of

Denotational semantics of

. SRLY s
To every typing judgement CON TiNwnoaS

we associate a continuous function ‘[;

II'= M| : [T — 7]

between domains. 111- [/rcéum”' ,L(



Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] B, (flat domain)
[T — T’]]déf [7] — [7] (function domain).

where N = {0,1,2,...} and B = {true, false}.
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P:?Tl"") Zz{

Denotational semantics of PCF type environments 14

] L [ ecaomm [T'(z)]  (I-environments)
W@y(g.
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Denotational semantics of PCF type environments

] L [ ecaomm [T'(z)]  (I-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

Ffu M= gm‘HZC?(:;fl,--,h
f € (ny s.kt. j’@a)é[ﬁ‘}j
Ewwf7 \n'&nlj M sy @il ey W)
MY = ((uYx(ayYx- - x £



Denotational semantics of PCF type environments

] L erd()m(r) ['(x)]  (T-environments)
— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

Example:

1. For the empty type environment (),

0] = {1}

where L denotes the unique partial function with

dom(L) = 0.
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00000

X ({zn} = [ml])
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—
Denotational semantics of PCF terms, | 41’\ 77 F M'Z

Lrend : [PY— (2

II'F0](p) = 0 € [nat]

' F true](p) L true [bool]

[I" - false](p) © false € [bool]

Vel (rFMY (£) €]



Denotational semantics of PCF terms, |

[T+ 0](p) & 0 € [nat]

' F true](p) L true [bool]

[I" - false](p) © false € [bool]

[T+ 2](p)= p(x) € [T(2)]

PTG s i)

[f‘}- ’Z\] (‘(l: "",-\r‘"> — ,UI

(z € dom(T))
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Denotational semantics of PCF terms, Il

o ghict wlvin o
U= pf

[I" = succ(M)](p)

af [T M](p)+1 T FM](p 41
L A [T - M](p) =L

M uely
Fnry > N %Ni

" /
[ uet M)
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Denotational semantics of PCF terms, Il

[+ suce(M)] (p)

’

d§f< [[Fl—M]](p)—l—l if[[rl—M]](

)
L [0 - M](p) = L

S
L

\

[I' - pred(M)](p)

dof <’[[r - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0, L

{true if [ = MJ[(p)=0

\

def

II' = zero(M)|(p) = < false it [I'F M](p) >0

LT M](p) = L
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TOE Ir) — C@W’L’[Zﬁ% [m2: (Y — €)

Denotational semantics of PCF terms, lli

M7 7 &(T<-1p7) ) () €llY
" = if My then M, else Ms|(p)
[ F Ma](p) i [I'F Mi](p) =
("= Ms|(p) i [I'F Mi](p) = false
1 it [I' = M) (p) =

def

[T+ My Mo](p) = ([T'F Mi](p)) ([T = Ma](p))

0/-—)/ /! \o(
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ﬁkEz:Z M:Ta¢ Ql[z}j«ﬁ[a'y

Denotational semant sof PCF terms, IV

I'Ffax:7.M|(p)

. x & dom(I)
L\ € [7]. [Tz — 7] - M](plz — d)) ( )

NB: p|z — d] € [I'[x — 7]] is the function mapping x to d € [7]
and otherwise acting like p.
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Ap MTAT [rY — (=D->1zY)
NF () T il —1rey

Denotational semantics of PCF terms, V

[T - fix(M)](p) € fiz ([T + M](p))

Recall that fix is the fur::t—ion igning least fixed points to continu?@!x
unctions. L Mi?j
s Y- S (2 Y=Tz)) — (kg

/
T f¢ )




Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M]:[T] — [7]

is a well-defined continous function.
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Denotations of closed terms

For a closed term M € PCF -, we get

[0 M] : [0] — [7]

and, since [0] = { L }, we have

[M] = [0F M](L) € [7]

(M € PCF,)
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