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Fixed Point Induction Principle

Let f : D/— D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least
fixed point of fisin S, i.e. that

ﬁxéf ) SN) )

it suffices to prove

Vde D(deS = f(d)eS).

Ael= fHeS
o _Ulg") €S
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Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vd € D, f(d) T d) = fix(f) Cd

1Ed = f1 L4 \é‘d = frr i

[pgd,j 73@”;0( -
T xedd > fo)edd ) Bhashl
el S- Vi) /
far e d SRR




Building chain-closed subsets (lll)

Logical operations:
o If S.T" C D are chain-closed subsets of D then
SUT and SNT
are chain-closed subsets of D).
o If {S; }icr is afamily of chain-closed subsets of D

indexed by a set I, then ()., S; is a chain-closed
subset of D).

el
e If a property P(x, y) determines a chain-closed subset of

D x E, then the property Vo € D. P(x,y) determines
a chain-closed subset of E.
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L7 whwe L=0X70.

Example (lll): Partial correctness

Let F : State — State be the denotation of
while X >0do (Y =X *xY; X =X —-1) .
Forallx,y > 0,

FIX—z,Y—=yll
— Fl X —2,Y =yl =[X—0Y —lz- y

Fé(l\b( Cotedknm. fecall F (]C%(,][)

—

S
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wel = fW) e /@
W@z? w(z,bw =) N(Wﬂ (9, ! 2))/

Recall that R 2) vx? '][\A‘ (7'0‘))\/’) '/'w ('x")?
F = fiz(f) = (0,1 7)
where f : (State — State) — (State — State) is given by

f

)
ifx <0
Ax,y) € State. < (. |

/ { ,M{ g/é x-y) |fx>0
VAL | Bt %20 fw(r,b)cw('z-! 29)

%X 4Y /%o
(o/!l'@ :(D,i(x—')-@'ﬂ




Proof by Scott induction.

We consider the admissible subset of (State — State) given by

Va,y > 0.
S=<w w|l X —z,Y —yll
= wX —z,Y —yl=X—0Y =z y

and show that

weS = f(w)es.

e

[S——
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Topic 5

PCF



PCF syntax

Types ,E\ét('{]: NJ_ ] [‘?\Wey’;- B [ ,[(Z«%Jflj
T :=nat | bool | T — T :([[-Z(ﬂf)[f]‘) |




PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

0 | succ(M) | pred(M)
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PCF syntax

Types
T :=nat | bool | T — T

Expressions
L M == 0 | succ(M) | pred(M)
i 127V\ | true | false | zero(M)
?\y | x| if M then M else M
\/\}@ T M | MM | fix(M)
where z € V, an infinite set of variables
U pphon
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PCF syntax

T :=nat | bool | T — T

M == 0 | succ(M) | pred(M)
true | false | zero(M)
x | if M then M else M
thnx:7.M | MM | fix(M)

where € V, an infinite set of

Technicality: We identify expressions up to «x-conversion of
bound variables (created by the fn expression-former): by
definition a PCF IS an «v-equivalence class of expressions.
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(I‘l'ziizl ZZ/ TR ZM..B
/ PCF typing relation, ' = M : 7

° F IS a type environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
Ty, ---, 0
o N isaterm I/Tg Z' 12,, ot / ﬂ

® T isatype. — C[fa’y X [Z'Z?j X- - xl'[Zn’]O
\
”//&VZ'/"/ il 1T
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PCF typing relation, I' = M : 7

e ['is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom/(T"))
e M isaterm
® T is atype.

Notation:

M : 7 means M isclosedand ) - M : 7 holds.

PCF, ¥ {M | M : 7).
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PCF typing relation (sample rules)

Clx—7|FM:7
(‘fn) itz & dom(T")
Cbfnx:7. M:7— 17

'-My:7—=7 T'FMy:71
Pl_MlMQIT/

(:app)

I'=M:7—T1

() I'Ffix(M): 7
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Partial recursive functions in PCF

e Primitive recursion.

B

| h(x o> f(x)
)

,fM ,[%Az, 70;«2

%7,)% p (‘?")
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In WUF e Com Wit 611‘619‘49

CWJT — M)'E? hgnge functlons in PCF @éh%j%

e Primitive recursion.

| h(2,0) = f(z

| hia,y+ 1) = g(az v, h(z, )

\

e Minimisation.

m(x) = theleasty > 0 suchthat k(z,y) =0

t(x,
V;%uw "I“? (1720 Ty
d £ (1yH)
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PCF evaluation relation

takes the form

M.V

T

where
e 7 is aPCF type
o M,V € PCF, are closed PCF terms of type T

e |/ isavalue,

V =0 |succ(V) | true | false |fnx: 7. M.
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PCF evaluation (sample rules)

(V1) VI,V (V avalue of type 7)

M1U7_>T/fnilj T . M/ M{[MQ/CB]U

M, My |,V
Z M@X(M)uT %

(ol SAUS fix(M) I, V
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