Topic 3

Constructions on Domains
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Discrete cpo’s and flat domains

For any set X, the relation of equality

rCa & =2 (z,2" € X)

makes (X : E) INnto a cpo, called the discrete cpo with underlying

set X.

TNk bt
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Discrete cpo’s and flat domains

For any set X, the relation of equality

rCa € p=2o (z,2" € X)

makes (X, C) into a cpo, called the discrete cpo with underlying

set X.

def
Let X | -

X U{L}, where L is some element notin X. Then
iCd ¥ (d=d)v(d=1) (ddecX))

makes (XL, E) into a domain (with least element _L), called the
flat domain determined by X.
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Binary product of cpo’s and domains

The product of two cpo’s (D1, E1) and (D3, E2) has underlying
set
D1 X D2 = {(dl,dg) ‘ dl - D1 & d2 - DQ}

and partial order L defined by M [%m by
| e
j&/ ol 0

(d1,d2) C (dy,dy) & dy Ty dy & dy B d-

CL&DM Dy d Do X plowmSing Mo, Tt
on sttuetrn D1 x Do i iy 2 Avatn

($1,$2) (ylayQ)
r1 L1 Y1 T2 Lo Yo
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def
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Lubs of chains are calculated componentwise:
LI (d1nsdopn) = (u d1i, |_| da,j) -
n>0 i>0 7>0

If (D1,E1) and (D3, Co) are domains sois (D1 X Ds, C)
and L p, «xp, = (J_Dl, J_DQ).
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Continuous functions of two arguments

Proposition. Let D, E, I be cpo’s. A function
f : (D x E) — F is monotone if and only if it is monotone in

each argument separately:

Vd,d' € D,ec E.dCd = f(d,e) C f(d,e)
Vde D,e,e e E.eCe = f(d,e)C f(d,¢).

Moreover, it is continuous if and only if it preserves lubs of chains

in each argument separately:

f( dmve):

m>0

n>0

f(dm,e)

= m>0
fd, | |en)=| | f(d en).
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e A couple of derived rules:

/

zC2 yLCy

flz,y) C f(2',y)

(f monotone)

fU,, zms L, yn) = Uy f(2k, k)

(oot
] \
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — F, C) has underlying set

(D — F) © {f|f:D— FEisa continuous function }

and partial order: f C f/ 4 vd e D. f(d) Cg f'(d).
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — F, C) has underlying set

(D— FE) © {f|f:D— FEisa continuous function }

and partial order: f C f/ W v ¢ D. f(d) Cg f'(d).

e A derived rule:

fEosm 9 TEDY

f(z) T g(y)
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Lubs of chains are calculated ‘argumentwise’ (using lubs in E/):

| | fo = XdeD. || fuld) .

n>0 n>0

e A derived rule:

(L fr) (L m) = Ly fro ()

If E/ is adomain, thensois D — Fand L p ,g(d) = Lg,all
de D.
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Continuity of composition

For cpo’s D, E/, F', the composition function

o: ((E—=F)x(D—FE)— (D—F)

defined by setting, forall f € (D — E)andg € (E — F),

gof = Ad € Dg(f(d))

IS continuous.
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Continuity of the fixpoint operator

Let D be a domain.

By Tarski's Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least
fixed point, fiz(f) € D.

font pee-prd
Proposition. The function K 4/%

fir : (D — D) — D &%’W\(

oo f— fogt) U$ )
%% u M L
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Topic 4

Scott Induction
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cott’s Fixed Point Induction Principle

UM/L(—/ %4/3 g;&a% # Q [lotpvt e
" S
‘ \

Let f : D — D be a continuous function on a domain D. -

fixed point of f isin S, i.e. that /\/%%% nec.

fix(f) €

S, T
z it suffices to prove L /A {yl( WTD M/\
| AV \A\‘@fﬂ% N
f/fL Vde D(deS = f(d)eS).
|

A For any admissible subset S C D, to prove that the least
M
L

1 e £S o



Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo T ... inD

(¥n>0.d, € S) (Ud)

n>0

If D is adomain, S C D is called admissible iff it is a
chain-closed subset of D and 1. € S.
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Building chain-closed subsets ()

Let D, E be cpos.

Basic relations:

e Forevery d € D, the subset

%ﬁ% (d)E{reD|rCd)

of I is chain-closed.

e The subsets

{(z,y) e Dx D |z Cy}
{(z,y) € Dx D |z =y}

and

of D x D are chain-closed.
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