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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements dy, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy (7)
Then
| |dow © | |din & | |dom T ...
n>0 n>0 n>0
and

LI dm,O L LI dm,l L LI dm,;g L ...

m>0 m>0 m>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements dy, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy (7)
Then
| | dow © | |din & | |dam £ ...
n>0 n>0 n>0
and
| | dmo ©T | | dmg & | | dms T ...
m=>0 m=>0 m=>0
Moreover

L { L dmn ) = [ dir =[] | L] dma

m>0 \n>0 k>0 n>0 \m=>0
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Continmty and strictness

e If D and E are cpo’s, the function f is continuous iff

1. itis monotone, and _— \_— %
2. it preserves lubs of chains, /.e. for all chains (l) f.'/(?)
do C dy C ... inD,itis the case that

an (L dn) =[] f(dn) nE: f(w") =Lipi
/ // L %chg( Vv 2 \\\X\ﬂz )
A et B
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Continuity and strictness

e If D and E are cpo’s, the function f is iff
1. it is monotone, and

2. it preserves lubs of chains, i.e. for all chains
do C di C ... inD,itis the case that

ef(L_Idn):: LJ f(dn) in L.

n>0 n>0

o If Dand & have least elements, then the function f is

7L = (/-\ﬂ noh - ‘Eﬂﬂn«wa'h’mﬂ-
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/t’)(,( )€ D ~ Tarski’s Fixed Point Theorem

Let f : D — A be a continuous function on a domain ). Then

e f possedsges a least pre-fixed point, given by
{
fulf) = | 1. Unf s
lefut fre--- f @)5-';

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fiz(f), and hence is the of f.
CLAE ba et
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[while B do (] MMZH o /
= fix(fiB1,1C7) : Tl %l,g /96/‘\&( 7@,«%0« .

= Unso f1B1,101" (L)

= \s € State.
( [C]*(s) itk > 0issuchthat [B]([C]*(s)) = false
< and [B]([C]*(s)) = trueforall 0 < i < k

_ undefined if [B]([C]*(s)) = true foralli > 0
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