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[while B do C]
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[while B do (]
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Fixed point property of
[while B do C]

[while B do C] = fipy jc1([while B do C])

where, for each b : State — {true, false} and
c : State — State, we define

fo.c: (State — State) — (State — State)
as

foe = Aw € (State—State). As € State. if (b(s), w(c(s)), s).

e Why does w = fypy [c7(w) have a solution?

e \What if it has several solutions—which one do we take to be
[while B do C]?
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Approximating [while B do (]
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Approximating [while B do (]

frere1” (L)

= \s € State.
C [C]%(s) 30 <k <n. [BJ([C]*(s)) = false
< andV 0 < i < k. [B]([C]*(s)) = true

LT it V0 <i<n.[B]([C](s)) = true
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Lt o By

) [while B do (]
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D« (State — State)

L\~ Hoy it it SHTuft, .

e Partial order C_ on D:

wC w'  iff forall s € State, if w is defined at s then
so is w’ and moreover w(s) = w'(s).

iff  the graph of w is included in the graph of w’ 7/

e Leastelement L. € D w.r.t. C: mé(

1 = totally undefined partial function

\§Y

= partial function with empty graph

(satisfies L.  w, forall w € D). Féfﬁ\ 3'(«
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Topic 2

Least Fixed Points
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All domains of computation are
partial orders with a least element.

All computable functions are D ;(WM \ S/&r@

mononotic.

s

=
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Partially ordered sets

A binary relation T on a set D is a partial order iff it is
reflexive: Vd € D. d C d
transitive: Vd, d',d" e D.dCd Cd'=dC d"
anti-symmetric: Vd,d' ¢ D.dCd CTd=d=4d"

Such a pair (D, E) Is called a partially ordered set, or poset.
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg ittt dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
ittt graph(f) C graph(g)
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Monotonicity

e A function f : D — F between posets is monotone iff

Vd,d € D.dC d = f(d) C f(d).

(f monotone)
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Least Elements

Suppose that D is a poset and that S is a subset of D.

An element d € S is the least element of S if it satisfies

Vre S. dC x .

e Note that because C is anti-symmetric, S has at most one
least element.

e Note also that a poset may not have least element.
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