Curry-Howard correspondence

Logic —> Type system
propositions, @ > types, T
(constructive) proofs, p < expressions, M
“p is a proof of @” < “M is an expression of type 7"
simplification of proofs <« reduction of expressions



Example of a non-constructive proof

Theorem. There exist two irrational numbers a and b such that b? is
rational.

Proof. Either \/2\/2 IS rational, or it is not (LEM!).
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Example of a non-constructive proof

Theorem. There exist two irrational numbers a and b such that b? is
rational.

Proof. Either \/2\/2 IS rational, or it is not (LEM!).

If itis, we can take a = b = /2, since 4/2 is irrational by a
well-known theorem attributed to Euclid.
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Example of a non-constructive proof

Theorem. There exist two irrational numbers a and b such that b? is
rational.

Proof. Either \/2\/2 IS rational, or it is not (LEM!).

If itis, we can take a = b = /2, since 4/2 is irrational by a
well-known theorem attributed to Euclid.

If it is not, we can take @ = /2 and b = \/2\/2, since then
be = (2V2)V2 = \2VIXVE — /22 — 3

QED
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Second-order intuitionistic propositional calculus (2IPC)

2IPC propositions:

¢ u=p|odp— @ |Vp(p)| wherepranges

over an infinite set of propositional variables.

2IPC sequents:

P F o

, where @ is a finite set of 2IPC propositions

and ¢ is a 2IPC proposition.

P - ¢ is provableif it is in the set of sequents inductively generated by:

(I P+ it e P

! P, - ¢ ( a@k¢e¢’@k¢
R Y o ¢
= ¢ P+ Vp (o)
(V1) itp & fo(P) (VE)
P+ Vp (o) P+ ¢lo'/p]
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A 2IPC proof

& - (1d)

{p& q,p,q} Fp (1) (1d)
{p& q,p} Fq—p (1) {p&q}=-Vr((p—q—r7)—r) (VE)
{p&q}F-p—q—p {p&:q}|—(p—>q—>p)—>p( B)

{p&q}Fp (1)

{}Fp&q—p

-Vaq(p & q—p) D)
{} 1)

{}-Vp,q(p & q— p)

where p & q is an abbreviationforVr ((p — q — r) — ).

The PLC expression corresponding to this proof is:

Ap,gAz:p&q(zp(Ax:p,y:q(x)))).
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Labed hypotreses with vanable % mw&%
biild wp o “paot for cleseribivg b 21%PC ot

PLC
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[PGSJ
(Id) ®,0 F ¢

P, 0 ¢
O+ ¢p— ¢

(=D

- L DF
(SE) ¢— ¢ ¢

d I ¢
b+ ¢
®FVp(e)

O FVp(o)
® - ¢[¢'/p]

(VI)

(VE)

d)z:P,x:0Fx:0¢

T: Q. x:0FM: ¢
(i) T:P,x:0¢ ¢

T:PFAx:0(M):¢p— ¢

T: M :¢p—>¢ T:OFMsy: ¢

(app)
f:q)l_MlM22¢/

T:P-M: o
T:PHFAp(M):Vp(o)

(gen)

T:PFM:Vp(o)
T:®E Mg : o0 /p]

(spec)



A 2IPC proof

e e (Id)
p q,P,q p
(—1T) (Id)
{p&aqg,p}-qg—p (1) {fp&qgt-vVr((p—qg—r)—r) (VE)
{pr&qtFp—q—p {fp&qt-(p—q—p)—p
(—E)
{p&q}tp (1)
Fp&qg—
{}Fp&qg—p 1)
{}FVa(p& q—p) (V)
{}-Vp,q(p & qg—p)
where p & q is an abbreviation for Vr ((p — q — r) — 1).
The PLC expression corresponding to this | proof is:
&p,q(kz=p&q(zp(>\w=p,y=q(w))))-
D
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Logical operations definable in 2IPC

o Truth: true = Vp(p— p).

o Falsity: false det Vp(p).

e Conjunction: ¢ & ¢’ © Vp (¢ — ¢ — p) — p)

(where p & fv (¢, @')).

e Disjunction: ¢ V ¢’ det Vp((¢p— p)— (¢ — p) — p)
(where p & fv (¢, @')).

def
e Negation: 7¢p = ¢ — false.

e Existential quantification:

Ap (¢) = Vp' (Vp (¢ — p') — ')

(where p” & fv (¢, p)).
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2IPC is a constructive logic

For example, there is no proof of the Law of Excluded Middle
Vp(pV —p)
Using the definitions on Slide 65, this is an abbreviation for

Vp,q((p—q) = ((p—=Vr(r)) —q) —q)

(The fact that there is no closed PLC term of type V p (p V —p) can be proved
using the technique developed in the Tripos question 13 on paper 9 in 2000.)
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Type-inference versus proof search

Type-inference: “given I and M , is there a type 7 such that
'=M:77

(For PLC/2IPC this is decidable.)

Proof-search: “given I and ;é is there a proof term /M such that
I' = M gb'?

(For PLC/2IPC this is undecidable.)
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