— AEA Len®

Iteratively defined functions on finite lists

def | . |
‘A* = finite lists of elements of the set A

Given a set A’, an element £’ € A’, and a function
f:A— A" — A’ the iteratively defined function listIter x’ f is
the unique function g : A* — A’ satisfying:

g Nil =z’
g(x:8) =fx(gl).
forallr € Aandf € A*.
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Iteratively defined functions on finite lists

def | . |
A* = finite lists of elements of the set A

Given a set A’ anelement &’ € A’, and a function
f:A— A" — A’ the iteratively defined function listIter x’ f is

the unique function g : A* — A’ satisfying:
g Nil =z’
g(x:8) =fx(gl).
forallx € Aandf € A™.
%r eah éé /ﬁ) [Jc g JC —> [.I5JCIW Dc’f gz determing 4
o fundion A =>(A A A) = A
o s ‘\-po\/gn/\ovphm” n A3 A
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Polymorphic lists

. def
o list =

Nil &

def
Cons =

Va' (o' — (a— o’ — a’) — o)
Aa,d’ Az’ : ', f:a— o’ — o' (2)))

Aa(Ax : a, £ : o list(Aa’(
Az’ f:ra— o — d(

fx(ta'z' f)))))
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Polymorphic lists

: Vo (o< Vet )

o list déf‘v’a'(a'—> (a— o' — a') — a)

déan,a'()\:L" o, f:a—a —a (2)))

Cons = Aa(Ax : a, £ : o list(Aa’(

Az’ f:ra— o — d(

fz(La'z' f)))))
e Ve (o0 wlisk — elisk)
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List iteration in PLC

iter Aa,d’'Mz’ : ', f : aa — o' — &/
A : alist (Lo’ x' f)))
satisfies:
e Hiter:Va,a' (a/ — (a— a’ — o) - alist — a’)
o iteraad’x’ f(Nila) =g «’

o iteraa’x’ f (Consaxt) =g fx(iteraa’x’ f¥)

56



List iteration in PLC

iter Aa,d’'Mz’ : ', f : aa — o' — &/
A alist (Lo’ x' f)))
satisfies:

e Hiter:Va,a' (a/ — (a— a’ — o) - alist — a’)

oliteraa’x’ f (Nz@ =3

o iteraa’x’ f (Consaxt) =g flx (iter aa’ x’ f £)

A% let NK/ DL)]C

56



List iteration in PLC

. def
iter = Aa, o’ Az’ : o/, f:aa— o’ — o

AL : alist (Lo’ x' f)))
satisfies:
e Hiter:Va,a' (a/ — (a— a’ — o) - alist — a’)
o iteraad’x’ f(Nila) =g «’

o/@“(xa’:c’f(Consa@:B fx (iteraa’x’ L)

(Cozx;?oe <)’ f
— ¥ gfac(gcle”f)
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List iteration in PLC

. def
iter = Aa, o’ Az’ : o/, f:aa— o’ — o

A alist (Lo’ x' f)))
satisfies:
e Hiter:Va,a' (a/ — (a— a’ — o) - alist — a’)

o iteraad’x’ f(Nila) =g «’

o/@”'aa’:c’f(Consa@ZBéw (iter a o’ &’ f@

(Cozx;?oe <)’ f
~— ¥ gfac(gcle”f) .
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PLC syntax

Types T = o type variable
| 7 — 7 function type
| Va(r) V-type

Expressions

M = x variable
Ax: @M ) function abstraction
M M function application

Aa (M) type generalisation

M type specialisation

(o and x range over fixed, countably infinite sets Ty Var and Var
respectively.) ,

X PYLEITNS Cap | degendy 00

(have Free occurrenus type variables
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A tautology checker

fun taut > f = if x = O then f else
(taut(x — 1)(f true))
andalso (taut(* — 1)(f false))

Defining types ’FO»/QA(J/\ Y\O\J‘wr?\ﬂ nnber Nne N

0 AryBoolOp ©f bool
(n 4+ 1) AryBoolOp ! bool — (n AryBoolOp)

then taut n has type (n AryBoolOp) — bool, i.e. the result type
of the function taut depends upon the value of its argument.

E% 3&@8006613 - booQ—beOe"’booé—’) boo{
3g,,r3v\mem}s
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The tautology checker in Agda

data Bool : Set where
True : Bool
False : Bool

_and_ : Bool -> Bool -> Bool

True and True = True

True and False = False

False and _ = False
data Nat : Set where

Zero : Nat
Succ : Nat -> Nat

_AryBoolOp : Nat

-> Set

Zero AryBoolOp = Bool
(Succ n) AryBoolOp = Bool -> n AryBoolOp

taut : (n : Nat) -> n AryBoolOp -> Bool

taut Zero f = £
taut (Succ n) f

taut n (f True) and taut n (f False)
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The tautology checker in Agda

data Bool : Set where
True : Bool
False : Bool

_and_ : Bool -> Bool -> Bool
True and True = True

True and False = False

False and _ = False

data Nat : Set where
Zero : Nat
Succ : Nat -> Nat

Qg‘)#- oL

AryBoolOp : Nat -> Set
-ty P dijpezm(%F

Zero AryBoolOp = Bool |
(Succ n) AryBoolOp = Bool -> n AryBoolOp ”Fl/\V\L/{‘M'Y\ “vPQ

taut :<Zé,i Nat) -> n AryBoolOp -> Bogi:yi'

taut Zero f = £
taut (Succ n) f = taut n (f True) and taut n (f False)
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Dependent function types (x : 7) — 7’

Ce:7kHM: 71’
FI—Aw:T(M):(CB:’T)—)T’

ifx & dom(I') U fu(T)

F'EM:(z:7)—>7" TEM 7
T+ MM :r'[M/x]

7’ may ‘depend’ on x, i.e. have free occurrences of .

(Free occurrences of @ in 7/ are bound in (:B : 7-) —> 7-’_)
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Dependent tyoe Svstems falure mley
like.

[FM: T a7’
[FM:T ) )
(Eg- (IHDAyBAop x 2Aytedop

fov deabng,med T~T bt

be o decidale relaHon belween l-yya
Q/xpv(';s\'m&






