PLC syntax

Types T 1= o type variable
| 7 — 7 function type
| Va(r) V-ype
Expressions
M = x variable
Ax : 7 (M) function abstraction
M M function application
Ao (M) type generalisation

M T type specialisation

(¢ and @ range over fixed, countably infinite sets T'y Var and Var
respectively.)
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Functions on types

In PLC,| A o« (M) |is an anonymous notation for the function F’

mapping each type T to the value of M [T /] (of some particular type).
F' 1 | denotes the result of applying such a function to a type.

Computation in PLC involves beta-reduction for such functions on types
(Aa(M))T — M|1T/a]
as well as the usual form of beta-reduction from A-calculus

()\ZE e T (Ml)) Mz — Ml[Mz/m]
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Beta-reduction of PLC expressions

M beta-reduces to M in one step, | M — M |, means

M can be obtained from M (up to alpha-conversion, of course) by
replacing a subexpression which is a redex by its corresponding reduct.
The redex-reduct pairs are of two forms:

@Lé_\_k_re-
()\:13 e T (Ml)) Mz —> M1 [Mz/il?]é'/stz)oi“‘ng"
(Ao (M)) T — Mlr/a]. & Shiukon

M —* M indicates a chain of finitelyT many beta-reductions.

(T possibly zero—which just means M and M are alpha-convertible).

M is in beta-normal form if it contains no redexes.
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Properties of PLC beta-reduction on typeable expressions

Suppose I' = M : 7 is provable in the PLC type system. Then the
following properties hold:

Subject Reduction. If M — M’ thenT' - M’ : Tis also a
provable typing.

Church Rosser Property. If M —* My and M —* M, then
there is M’ with My —* M’ and My —* M.

Strong Normalisation Property. There is no infinite chain
M — My — Mo — ... of beta-reductions starting from M .
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Properties of PLC beta-reduction on typeable expressions

Suppose I' = M : 7 is provable in the PLC type system. Then the
following properties hold:

Subject Reduction. If M — M’ thenT' - M’ : Tis also a
provable typing.

Church Rosser Property. If M —* My and M —* M, then
there is M’ with My —* M’ and My —* M.

Strong Normalisation Property. There is no infinite chain
M — My — Mo — ... of beta-reductions starting from M .

N8B for the untypeable oxpresion M = Ax:er(22)
MM = DX :XEXDM — MM — MM = --. .
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PLC beta-conversion, =g

| By definition, | M =g M |holds if there is a finite chain

M—-—.— ... —.— M’

.
where each — is either — or <—, I.e. a beta-reduction in one direction or
the other. (A chain of length zero is allowed—in which case M and M’
are equal, up to alpha-conversion, of course.)

Church Rosser + Strong Normalisation properties imply that, for typeable
PLC expressions, M =g M holds if and only if there is some
beta-normal form /N with

\ M —* N *— M’

in olher wods, =p is the smallest equivalence
rblad'\ov\ Contain ;Y\} —_ o



Polymorphic booleans

def

bool = Va(a— (a — a))
def
True = Aa(Ax1 : a, 2 : (1))
def
False = Aa(Ax1: a,x2 : a(x2))
. » def

if = Aa(Ab:bool,zq: o,z : a(baxy x2))
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PLC operbor assocrndion [ Rmk .22,

pls ]
My N, Mo means (M) M,) Mg
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Polymorphic booleans

def

bool = Va(a— (a— o)) l’wwe":\jp-e
boo 4
True déan()\mlza,a:2:a(w1))7 ’
False = A a (Axy:a, T2 : a(re))
. p def

if = Aa(Ab:bool,zq: a,x2: a(baxy x2))

m;e Vot (ool 5(ot =(ev = )
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PLC type system

(var)

(fn)

(app)

(gen)

(spec)

'x:7 if(x:7) €l

e:m M : 1

ifx & dom(TI")

'FAXx:my (M) : 11 — T2
F|—M1:T1—>Tg P|—M2:Tl

FI_M1M2:T2
'-M:T

'FAa(M):Va(r)
I'EM:Va(r)

' M 719 : 11|m2/A]

it & fto(T)

45



[PSGJ If { W, ’Y’*TW\L) N

M, =>* N

FTM M, M, = £ T Tme M, M3



M -’)*TW\L) H’\M\.
[PSGJ 1):: { |

M, =>* N

' M M-
FTM M, M, =T i TTTme M,

/\ot() ‘C“ Trne, MLMZ



[PSGJ 1]': {IV\, -/)"*TW\L) TN

M, =>* N
FTM M, M, £ T Tme M, M3
1
Not(--) [ Trme M, M,

()xb o, X, T, T (b2, ))TW M, M;



[PSGJ IJC {MIV\, -/)'*TW\L) TN
2 > N
M M, M, =% T Tme M, M5
Aot(:---) ‘C“TYV\L M, M,
(>\b b, Ty, T (bewn 2, ))TW M, M

\

TV(/\,Q_, < ML M3



*TW\L H’W\
M, — |
[PSGJ 1)': { |

M, =>* N

W, = p&- Ime M, M5
\

,\ot() ‘C“ Trne, MzM3

M, M,
JZ))TW ,
bod\, %' T, : T (b T
(Nbiboeh, 2, T, > M
TWT ML 3
|
M
Ao (Ao, i00(2)) T M, M



*TW\L HM//\
M, — |
[PSGJ 1):: { |

M, =>* N

"~ ' N n * r P q

,\ot() ‘C“ Trne, MzM3

Tme M, M,

. bT"th))

bos\, X, T, T

(Nb:bod, 2,7 3, > M
TMT ML 3

N ¥

“
/\/ ()\1!‘ ldg" (X«|))I
2 2 3



@T S YYY é I\Dl (XX.MZ-")((XI))

balse 2 Aot (A%, 25001 (3,))
e e OVJ,.?{ clo%ed X PresSions iny
B-nomal fom  of Jﬂgp—@ meéVd(aﬂ(d—)d))-






