Polymorphism of let-bound variables in ML

For example in
let f = Ax(x) in (f true) :: (fnil)

Ax(x) has type 7 — T for any type 7, and the variable f to which it is
bound is used polymorphically:

- in (f true), f has type bool — bool
- in (fnil), f hastype bool list — bool list

Overall, the expression has type bool list.
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Mini-ML expressions, M

X variable

true boolean values
false

if M then M else M conditional

Ax (M) function abstraction
M M function application
letx = M in M local declaration
nil nil list

M :: M list cons

case M ofnil=> M | x :: x => M case expression
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Mini-ML types and type schemes

7
ypes T =

where «x ranges over a fixed, countably infinite set T'y Var.

Type Schemes

(87 type variable

bool type of booleans

T — T function type

T last list type

o = VA(T)

where A ranges over finite subsets of the set T'y Var.

When A = {a1,...,an}, wewrite VA (7) as

Vagy...,an (7).

E.a.g &t wL\ypt Sunmy

V%p(u—s@)

A (u\{%\- -p)
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Mini-ML types and type schemes

-
ypes T = o type variable

bool type of booleans

T — T function type

T last list type

where «x ranges over a fixed, countably infinite set T'y Var.

Type Schemes o — VA (T)

where A ranges over finite subsets of the set T'y Var.

——

-

When A = {a1,...,an}, wewrite VA (7) as

Vagy...,an (7).

oS\ L\% e,m?@
!

A

E%.g cﬂ "\ﬁ){, SUMAN\M ' \V/O(,p (02—3(‘5) \V/OZ (u\{%\' »9/5)

\V/{} (OZ-—> bcoﬂ)
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Mini-ML typing judgement

takes the form | I' = M : T |where

® the typing environment I is a finite function from variables to type
schemes.

Wewrite I' = {x1 : 01,...,%p : Oy} toindicate that I has
domain of definition dom(I") = {«x1,...,xy,} and maps each
a; to the type scheme o ; forr = 1..1.)

e M is an Mini-ML expression

® 7 is an Mini-ML type.
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Mini-ML type system, |

(var >)

(bool)

'Fx:7 if(x:0) €l ando > T
I' - B: bool if B € {true,false}

I'EMq:bool THMo:7m I' Mg : T

I' - if M then Mo else Mg : T

16



The “generalises” relation between type schemes and types

We say a type scheme 0 = V i1, . .., .y (T7) generalises a type
T, and write| o > T |if 7 can be obtained from the type 7/ by
simultaneously substituting some types T; for the type variables «¢;
(t=1,...,m):

T=71[11/q1y. .., Tn/Cy].

(N.B. The relation is unaffected by the particular choice of names of bound type

variables in 0.)

The converse relation is called specialisation: a type 7 is a specialisation
of atype scheme o ifo > T.

Eg  Vep(2p) > bod = bodl
bk Va(asp) ?5\0@51% bod. 13



The “generalises” relation between type schemes and types

We say a type scheme 0 = V i1, . .., .y (T7) generalises a type
T, and write| o > T |if 7 can be obtained from the type 7/ by
simultaneously substituting some types T; for the type variables «¢;
(t=1,...,m):

/
T =T |T1/Q1y...,sTn/an].
(N.B. The relation is unaffected by the particular choice of names of bound type

variables in o.) J

The converse relation is called specialisation: a type 7 is a specialisation

of atype scheme o ifo > T. D Wi |0{Qn}()c3 Schewe$
Wp To r&r\mm\v\g bounl ‘\\ﬁ‘i Vs
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Mini-ML type system, Il

mil) I' - nil : 7 list

I'EM{:7m I' My : 7 last

(cons)
F|_M1::M227li8t
I' - My : 7 last ' Ms :
I‘,a:l e T1. L2 ¢ T1 list M3 e T2
(case)

I'  case M1 of nil => M,

|1 s 9 => M3 : 15

if 1,2 ¢
dom (TI")
and 1 7 T2
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Mini-ML type system, Il

mil) I' - nil : 7 list

I'EM{:7m I' My : 7 last
F|_M1::M22Tli8t

(cons)

I' - My : 7 last ' Ms : T

2
,w2:7'1 list = Mg : 15 if C1319532¢
(case)

dom (TI")
I' H case M4 of nil => M, and 1 7 T2

|xq 2t xa => M3 :

NIV LI jpr & V{D 17




Mini-ML type system, Il

(app)

e:mm M : 1

ifx & dom(TI")
'EAXx(M): 1 — 1

'EMy:7q —779 ' Ms:1yq

F|—M1M2:T2
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Mini-ML type system, IV

(let)
I' - Ml . T

. o« -/
I‘,CU.\V,A(T)I_MZ.T Ifwedom(r)and

' letx = M;in Mo, : 7/ A = ftv(T) _ft"j(r)

jq‘v (t) = a\\ J“\ﬁpﬂ Vows occumr'w\gr M ﬁﬁ}t T

v (oY = e v i)
Whre 1 6= VA(T)3WM )qv(cﬂ = ftv(t)—A
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Exampe o te (lof) wmie

CEMT s [y, 2:Vy (30 kol )} - Au(y): oo o

o A S {N)(ﬁ}—t{ﬁ}'—‘{qy



Exampe o te (lof) wmie
CEMT sy, 2:Vy (3oaobol)} - Au(y): oo

o A S {%p}—-t{ﬁ}:{qy

Lo YAR) FM, i T’ s {y:ﬁ,%-'VX(Y—)?I-akbU,JC:VN(N—’P)}L
2 (2 x nid) oo




Exampe o te (lof) wmie
CEMT sy, 2:Vy (3oaobol)} - Au(y): oo

o A \S {o(,p}—- {py ={«Y

e VAR I T e {y:B, Vgt Ve
2 (1) 2 nid ) boo{

Appying (Wh) we gek

{3-’(”>%‘Vb’(“6*7—7 M)}"Ml:xu(y)in -'c’.(ﬁly)(omil) : bgo«{




Assigning type schemes to Mini-ML expressions

Given a type scheme o0 = V A (7), write

I'M : o

if A = ftv(7) — ftv(I') and ' = M : T is derivable from the
axiom and rules on Slides 16-19.

WhenT' = { } wejustwrite| = M : o|for{ } - M : o and say
that the (necessarily closed—see Exercise 2.5.2) expression /M is
typeable in Mini-ML with type scheme o .

[coged ="hag no fee vanabln A




[cf Shde 71

(@) A Mini-ML fype checking, problem -
wven closed M owd O
0es FM:a  hold?
(b) A Mini-ML typeability, prblem

given chosed M, does Hure oxist

o cdosed 0 such ek 1 M0 holds 7

l_yﬁ. Solving. (a) entrils Solving (b) becaunse o{i
e ;.?/m sf the (let) :\gp{g mle .



Two examples involving self-application

M € 1et f = Axy(Aza(x1)) in f f

M’ E AF(f F)) Awi(Azz(z1))

Are M and M’ typeable in the Mini-ML type system?
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