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In	  This	  Lecture	  

•  We	  will	  compare	  random	  networks	  with	  real	  
networks	  

•  We	  will	  introduce	  the	  concept	  of	  small	  world	  
networks	  

•  We	  will	  introduce	  the	  concept	  of	  weak	  Ces	  
and	  illustrate	  their	  importance	  



Clustering	  Coefficient	  of	  	  
Real	  Networks	  

•  From	  [WaHs	  and	  Strogatz,	  1998]	  
•  CharacterisCc	  path	  length	  and	  clustering	  
coefficient	  for	  some	  real	  networks	  and	  for	  
random	  networks	  with	  same	  number	  of	  nodes	  
and	  average	  number	  of	  edges	  per	  node.	  

•  Aim	  is	  to	  check	  if	  random	  graphs	  can	  model	  
real	  networks.	  



Real	  Networks	  vs	  Random	  Networks	  

•  Film	  Actors:	  actors	  in	  movies	  together	  
•  Power	  grid:	  the	  network	  of	  the	  electricity	  
generators	  

•  C.	  elegans:	  network	  of	  neurons	  of	  a	  worm	  
•  L	  is	  comparable	  while	  C	  is	  very	  different	  

Random	  Net:	  same	  size	  
and	  average	  degree	  



Small	  World	  Model	  

•  WaHs	  &	  Strogatz	  built	  a	  model	  which	  was	  able	  
to	  capture	  these	  characterisCcs.	  

•  Start	  with	  regular	  laSce	  
–  Increase	  a	  probability	  p	  of	  “rewiring”	  a	  node	  to	  
another	  node.	  

– When	  p	  very	  high	  the	  laSce	  would	  become	  a	  
random	  graph.	  



Small	  World	  Model	  (2)	  



How	  are	  L	  and	  C	  in	  this	  model?	  
•  There	  is	  a	  zone	  where	  C	  is	  high	  and	  L	  is	  low	  
•  These	  are	  small	  world	  networks	  	  

Random	  Nets	  

La9ce	  



Other	  Real	  Networks	  Examples	  



Analysis	  of	  	  Messenger	  Network	  

•  [Leskovec	  and	  Horvitz	  2008]	  analyzed	  a	  large	  
dataset	  of	  the	  Microso^	  Messenger.	  	  

•  CommunicaCon	  Network	  contained	  180	  
million	  users	  and	  1.3	  billion	  conversaCons	  in	  1	  
month.	  

•  Buddy	  Network	  contained	  240	  million	  users.	  	  
•  99.9%	  users	  belonged	  to	  a	  connected	  
component.	  



Analysis	  of	  a	  Messenger	  Network	  
•  Average	  shortest	  path	  is	  6.6	  (confirming	  
Milgram’s	  study).	  

•  Although	  some	  longer	  paths	  up	  to	  29.	  
•  Average	  clustering	  coefficient	  is	  quite	  high:	  
0.137.	  



Again	  on	  Clustering	  Coefficient	  
•  We	  have	  introduced	  the	  clustering	  coefficient.	  
This	  indicates:	  
– The	  number	  of	  triangles	  including	  node	  A.	  
– How	  connected	  the	  friends	  of	  A	  are.	  

•  Triadic	  closure:	  if	  C	  and	  B	  are	  connected	  to	  A	  
there	  is	  an	  increased	  likelihood	  that	  they	  will	  
be	  connected	  among	  themselves	  in	  future.	  

A	   B	  

C	   D	  E	   F	  



[GranoveHer’74]	  

•  GranoveHer	  interviewed	  people	  about	  how	  they	  
discovered	  their	  jobs	  
– Most	  people	  did	  so	  through	  personal	  contacts	  
– O^en	  the	  personal	  contacts	  described	  as	  
acquaintances	  and	  not	  close	  friends	  

•  Basic	  intuiCon	  on	  this	  is:	  close	  friends	  are	  part	  of	  
triad	  closures	  and	  would	  know	  what	  you	  know	  
and	  would	  know	  others	  who	  would	  know	  what	  
you	  know	  

•  We	  will	  explain	  this	  more	  formally…	  



Bridges	  

•  Edge	  between	  A	  and	  B	  is	  a	  bridge	  if,	  when	  
deleted,	  it	  would	  make	  A	  and	  B	  lie	  in	  2	  
different	  components	  

A

B	  



Local	  Bridges	  

•  An	  edge	  is	  a	  local	  bridge	  if	  its	  endpoints	  have	  
no	  friends	  in	  common	  
–  If	  deleCng	  the	  edge	  would	  increase	  the	  distance	  of	  
the	  endpoints	  to	  a	  value	  more	  than	  2.	  

A

B	  



Strong	  Triadic	  Closure	  Property	  (STPC)	  

•  Links	  between	  nodes	  have	  different	  “value”:	  
strong	  and	  weak	  >es	  
– E.g:	  Friendship	  vs	  acquaintances	  	  

•  Strong	  Triadic	  Closure	  Property	  (GranoveCer):	  
If	  a	  node	  A	  has	  two	  strong	  links	  (to	  B	  and	  C)	  
then	  a	  link	  (strong	  or	  weak)	  must	  exist	  between	  
B	  and	  C.	  



Local	  Bridges	  and	  Weak	  Ties	  
•  If	  node	  A	  saCsfies	  the	  STCP	  and	  is	  involved	  in	  at	  
least	  two	  strong	  Ces	  then	  any	  local	  bridge	  it	  is	  
involved	  in	  must	  be	  a	  weak	  Ce.	  (Proof	  by	  
contradicCon)	  

(assuming	  STCP)	  If	  there	  are	  enough	  strong	  >es	  in	  
the	  network	  then	  local	  bridges	  must	  be	  weak	  >es	  
	  

B	  
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For	  AC	  and	  AB	  to	  be	  a	  strong	  link	  
SCTP	  says	  BC	  must	  exist	  but	  
	  local	  bridge	  definiCon	  says	  it	  must	  not	  



Real	  Data	  ValidaCon	  

•  GranoveHer’s	  theory	  about	  the	  importance	  of	  
weak	  Ces	  remained	  not	  validated	  for	  years	  for	  
large	  social	  networks	  due	  to	  the	  lack	  of	  data.	  

•  [Onnela	  et	  al	  ’07]	  tested	  it	  over	  a	  large	  cell-‐
phone	  network	  (4	  millions	  users):	  	  	  
– Edge	  between	  two	  users	  if	  they	  called	  each	  other	  
within	  the	  18	  months	  period.	  

– Data	  exhibits	  a	  giant	  component	  (84%).	  
– Edge	  weight:	  9me	  spent	  in	  conversa9on.	  



Onnela	  et	  al.	  2007	  

•  Extending	  the	  definiCon	  of	  local	  bridge	  
•  Given:	  	  
•  Neighbourhood	  overlap:	  

Number	  of	  nodes	  who	  are	  neighbours	  of	  both	  A	  &	  B	  
Number	  of	  nodes	  who	  are	  neighbours	  of	  at	  least	  A	  or	  B	  

	  
•  When	  the	  numerator	  is	  0	  the	  quanCty	  is	  0.	  
– Numerator	  is	  0	  when	  AB	  is	  a	  local	  bridge	  

•  The	  definiCon	  finds	  “almost	  local	  bridges”	  (~0)	  
	  

A B	  



Neighbourhood	  overlap	  



RelaConship	  of	  	  
Overlap	  with	  Tie	  Strength	  	  

•  Red:	  random	  shuffled	  
weights	  over	  links.	  

•  Blue:	  real	  ones.	  
CorrelaCon	  with	  Ce	  
strength.	  	  

Anomaly	  

Tie	  strength:	  cumulaCve	  Ce	  strength	  smaller	  than	  w	  	  	  

Overlap	  



Real	  Ce	  weights	  in	  a	  porCon	  of	  the	  
graph	  (around	  a	  random	  node)	  

A=	  Real	  
B=	  Randomly	  shuffled	  



Effect	  of	  edge	  removal	  



Overlap	  based	  link	  removal	  



Weak	  Ces	  maHer!	  	  

•  We	  have	  just	  seen	  that	  weak	  Ces	  maHer	  and	  if	  
they	  are	  removed,	  they	  lead	  to	  a	  breakdown	  
in	  the	  network.	  

•  If	  strong	  Ces	  are	  removed	  they	  lead	  to	  a	  
smooth	  degrading	  of	  the	  network	  



Difference	  of	  importance	  of	  	  
weak	  Ces	  in	  social	  and	  other	  networks	  

•  The	  importance	  of	  weak	  Ces	  is	  specific	  to	  
social	  networks	  

•  In	  biological	  and	  spaCal	  networks:	  
– DeleCng	  an	  important	  road	  [strong	  Ce]	  damages	  
the	  network	  more	  

– A	  central	  vein	  in	  a	  leaf	  is	  more	  important	  than	  
smaller	  veins	  

	  



Tie	  strength	  maHers:	  
Facebook	  Example	  

•  Facebook	  data	  analysis	  of	  one	  month	  of	  data	  	  
•  Four	  networks:	  
– Declared	  friendship	  
– Reciprocal	  communicaCon	  (messages)	  
– One	  way	  communicaCon	  
– Maintained	  relaConship:	  clicking	  on	  content	  on	  
news	  feed	  from	  other	  friend	  or	  visiCng	  profile	  
more	  than	  once.	  



What	  does	  it	  look	  like?	  
(one	  random	  user)	  



AcCve	  Network	  Size:	  	  
number	  of	  links	  

Declared	  friends	  

News	  feed	  effect	  



TwiHer	  Analysis	  

•  Huberman	  at	  al.	  have	  analyzed	  strong	  and	  weak	  
Ces	  in	  TwiHer.	  

•  The	  “followers”	  graph	  in	  TwiHer	  is	  directed	  
–  Someone	  can	  follow	  someone	  else	  who	  does	  not	  
follow	  him 	  	  

•  Messages	  of	  140	  chars	  can	  be	  posted	  
•  Messages	  can	  be	  addressed	  to	  specific	  users	  
(although	  they	  stay	  readable	  to	  all)	  

•  Weak	  >es:	  users	  followed	  
•  Strong	  >es:	  users	  to	  whom	  the	  user	  sent	  at	  least	  
2	  messages	  in	  the	  observaCon	  period	  



TwiHer	  

Followees	  
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Number	  of	  strong	  >es	  stays	  below	  ~50	  



Summary	  

•  Small	  world	  network	  models	  are	  able	  to	  
capture	  a	  good	  quanCty	  of	  real	  networks	  
– They	  have	  characterisCc	  path	  length	  comparable	  
to	  random	  networks.	  

– But	  much	  higher	  clustering	  coefficient.	  
•  We	  have	  introduced	  weak	  and	  strong	  Ces	  and	  
shown	  example	  of	  applicaCon	  on	  real	  
networks	  
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