
Inductively defined subsets
Given a set of axioms and rules over a set U, the subset of
U inductively defined by the axioms and rules consists of
all and only the elements u ∈ U for which there is a
derivation with conclusion u.

For example, for the axioms and rules on Slide 15

! abaabb is in the subset they inductively define (as witnessed by
either derivation on that slide)

! abaab is not in that subset (there is no derivation with that
conclusion – why?)

(In fact u ∈ {a, b}∗ is in the subset iff it contains the same number of a and b symbols.)



Rule Induction
Theorem. The subset I ⊆ U inductively defined by a
collection of axioms and rules is closed under them and is
the least such subset: if S ⊆ U is also closed under the
axioms and rules, then I ⊆ S.

Given axioms and rules for inductively defining a subset of a set U, we
say that a subset S ⊆ U is closed under the axioms and rules if

! for every axiom
a

, it is the case that a ∈ S

! for every rule
h1 h2 · · · hn

c
, if h1, h2, . . . , hn ∈ S, then c ∈ S.
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Rule Induction
Theorem. The subset I ⊆ U inductively defined by a
collection of axioms and rules is closed under them and is
the least such subset: if S ⊆ U is also closed under the
axioms and rules, then I ⊆ S.

We use the theorem as method of proof: given a property P(u) of
elements of U, to prove ∀u ∈ I. P(u) it suffices to show

! base cases: P(a) holds for each axiom
a

! induction steps: P(h1) & P(h2) & · · · & P(hn)⇒ P(c)

holds for each rule
h1 h2 · · · hn

c

(To see this, apply the theorem with S = {u ∈ U | P(u)}.)
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Example using rule induction

Let I be the subset of {a, b}∗ inductively defined by the
axioms and rules on Slide 15.

For u ∈ {a, b}∗, let P(u) be the property

u contains the same number of a and b symbols

We can prove ∀u ∈ I. P(u) by rule induction:

! base case: P(ε) is true (the number of as and bs is zero!)



Example using rule induction

Let I be the subset of {a, b}∗ inductively defined by the
axioms and rules on Slide 15.

For u ∈ {a, b}∗, let P(u) be the property

u contains the same number of a and b symbols

We can prove ∀u ∈ I. P(u) by rule induction:

! base case: P(ε) is true (the number of as and bs is zero!)

! induction steps: if P(u) and P(v) hold, then clearly so do
P(aub), P(bua) and P(uv).

(It’s not so easy to show ∀u ∈ {a, b}∗. P(u)⇒ u ∈ I – rule induction for I is not much help for
that.)
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